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Exercise 01: Fundamentals of the magnetic field

Acknowledgement: The following exercise is adapted from “Elektrische Maschinen und Antriebe
Übungsbuch: Aufgaben mit Lösungsweg” by A. Binder, Springer, 2017

Task 1.1: Magnetic iron yoke
The iron core consists of thin single metal sheets with a cross-sectional area of A = 900 mm2 and
with an air gap of δ = 3 mm. A simplified sketch is shown in Fig. 1.1.1. The material behavior of
the selected iron is visualized in Fig. 1.1.2. The coil with N turns contains a direct current which
results in a homogeneous magnetic flux density of Bδ = 1.8 T in the air gap.
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Figure 1.1.1: Simplified sketch of a magnetic iron core. All dimensions of the core are given in mm.

2.0

H in A/cm
0 1 2 3 4

0.4

0.8

1.2

1.6

B
in

T

2.0

H in A/cm
0 100 200 300 400

0.4

0.8

1.2

1.6

B
in

T

(2)

(1)

(1)

Figure 1.1.2: Direct current magnetization curves of electrical steel for (1) hot rolled processing with
a thickness of 0.5 mm and (2) cold rolled processing with a thickness of 0.35 mm. The magnetization
curve in figure on the left side is a zoomed version of material (1) for lower field strengths.
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1.1.1 Calculate the magnetic flux ϕδ in the air gap.
Answer:
The area of the air gap is equal to the iron core area (Aδ = A = 900 mm2). The calculation of the
magnetic flux is defined as follows:

ϕδ =
∫
S
B dS = BA, (1.1.1)

where B is the magnetic flux density and S is the surface area to integrate. The above integral could
be simplified to B*A because the flux density is homogeneous and the integration surface S and the
flux are perpendicular to each other. This results in

ϕδ = BδAδ = 1.8 T · 900 · 10−6 m2 = 1.62 mWb. (1.1.2)

1.1.2 How big is the magnetic flux density BFe in the iron core at the dotted line in Fig. 1.1.1?
Neglect the leakage flux.
Answer:
Since the leakage flux is neglected, the fluxes ϕδ in the air gap and ϕFe in the iron are equal. This
results in the following equation:

ϕδ = ϕFe = AδBδ = AFeBFe. (1.1.3)

The equation from above is resorted to calculate the magnetic flux density:

BFe = Bδ

Aδ

AFe
= 1.8 T. (1.1.4)

1.1.3 What is the value of the permeability µ and the magnetic field strengths Hδ and HFe in the air
gap and in the iron for the given operating point?
Answer:
The permeability in the air gap is equal to the permeability in the air, which is given with:
µ = µ0 = 4π · 10−7 Vs

Am . The magnetic field strength in the air gap is calculated with:

Hδ = Bδ

µ0
= 1.8 T

4π · 10−7 Vs
Am

= 1432395 A
m . (1.1.5)

The curve (1) on the right side in Fig. 1.1.2 shows for BFe = 1.8 T a magnetic filed strength of
HFe = 80 A

cm = 8000 A
m . With the filed strength HFe the permeability of the iron is calculated:

µFe = BFe

HFe
= 1.8 T

8000 A/m = 0.000225 Vs
Am , (1.1.6)

which is approximately 179 times µ0.
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1.1.4 What is the required magnetomotive force θ = N · I in the excitation coil to excite the flux
density Bδ = 1.8 T?
Answer:
The magnetomotive force is calculated with Ampère’s law along closed curve ∂S:

θ = NI = Hδδ +HFelFe. (1.1.7)

Therefore, the length of the magnetic path calculates as:

lFe = 2(120 − 30) + 2(135 − 30) − 3 = 387 mm. (1.1.8)

Hence, with the two equations from above, the magnetomotive force is calculated with:

θ = Hδδ +HFelFe.

= 1432395 A/m · 0.003 m + 8000 A/m · 0.387 m
= 7393 A.

(1.1.9)

1.1.5 What is the required current I if the coil has N = 500 turns?
Answer:
The current is calculated with:

I = θ

N
= 7393 A

500 = 14.79 A. (1.1.10)

Task 1.2: Electromagnetic induction
A magnetic circuit (cf. Fig. 1.2.1a) has the dimension of δ = 3 mm, b = l = 30 mm. The excitation
coil with N = 500 tuns id fed with an alternating current i(t) = Î sin(2πft) with f = 100 Hz and
Î = 7.8 A. The permeability of the iron µFe is assumed to be infinite and the flux leakage can be
neglected. A quadratic, non-moving coil with a side length of 30 mm and NC = 10 turns is within
the air gap of the yoke. The orientation of the coil is shown in Fig. 1.2.1b.

1.2.1 Calculate the flux density Bδ(t) in the air gap. Sketch the trajectories of i(t) and Bδ(t).
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(a) Iron yoke with a coil in the air gap.
(b) Orientation of the coil surface in the air
gap of the given yoke.

Figure 1.2.1: Iron yoke and coil orientation.

Answer:
Since the leakage flux is neglected, the fluxes ϕδ in the air gap and ϕFe in the iron are equal (ϕδ = ϕFe).
In addition, the area of the coil and the air gap area are identical (AFe = Aδ). Therefore, the following
relationship is made:

ϕδ = ϕFe = AδBδ = AFeBFe. (1.2.1)

By resorting the equation from above, the flux density in the air gap is calculated:

BFe = Bδ

Aδ

AFe
= Bδ. (1.2.2)

The magnetic field strength calculates as:

HFe = BFe

µFe
= 0, (1.2.3)

which is zero due to the assumption of an infinite permeability in the iron path.
In the following equation, Ampère’s law is given with:

θ(t) = Ni(t) = Hδδ +HFelFe. (1.2.4)

This equation simplifies by neglecting the magnetic field strength within the iron (HFe = 0) due to
the infinite permeability. This leads to the following equation:

θ(t) = Hδδ = Bδδ

µ0
, (1.2.5)

where Hδ = Bδ / µ0.
By rearranging the equation from above, the magnetic flux density in the air gap is calculated as
follows:

Bδ(t) = µ0Ni(t)
δ

. (1.2.6)
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With the given values in the task, the time course of the magnetic flux density is expressed as:

Bδ(t) = 4π · 10−7 · 500 · 7.8 A · sin(2π · 100 Hz · t)
0.003 m = 1.63 T · sin(2π · 100 Hz · t). (1.2.7)

In the upper part of Sol.-Fig. 1.2.1 the trajectory of the current is shown. In addition, the trajectory
of the magnetic flux density is visualized in the lower part.

Solution Figure 1.2.1: Trajectories of the current i(t) in the upper and the magnetic flux density
B(t) in the lower part of the figure.

1.2.2 How large is the magnetic flux linkage Ψ(t) of the magnetic field generated by the excitation
coil to the coil in the air gap?
Answer:
According to Fig. 1.2.1b, the direction of vector dS is in the opposite direction of the flux density
vector Bδ. Therefore, the flux linkage has a negative sign:

ψ(t) = Ncϕ(t) = −NcAδBδ(t). (1.2.8)

With the given and calculated values, the flux linkage is defined with:

ψ(t) = −10 · (30 · 30) · 10−6 m2 · 1.63 T · sin(2π · 100 Hz · t) = −0.0147 Vs · sin(2π · 100 Hz · t). (1.2.9)

1.2.3 How large is the induced voltage ui(t) of the coil in the air gap? Also, sketch the trajectory ui.

Answer:
The induced voltage is the differential of the magnetic flux linkage and therefore, defined as:

ui(t) = −dψ(t)
dt = −2πfΨ̂ cos(2πft). (1.2.10)
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In addition, the induced voltage is calculated with the previous calculated values:

ui(t) = −2π · 100 Hz · (−0.0147 Vs) · cos(2π · 100 Hz · t) = 9.2 V · cos(2π · 100 Hz · t). (1.2.11)

In the upper part of Sol.-Fig. 1.2.2, the calculated current from the previous task is shown again.
The induced voltage is visualized in the lower part of the figure.

Solution Figure 1.2.2: Trajectories of the current i(t) in the upper and the induced voltage ui(t) in
the lower part of the figure.

1.2.4 Calculate the mutual inductance M between the excitation coil and the air gap coil.
Answer:
The mutual inductance is defined as follows:

M = M21 = ψ2(t)
i1(t)

= Ψ̂ sin(2πft)
Î sin(2πft)

= Ψ̂
Î

= −0.0147 Vs
7.8 A = −1.88 mH. (1.2.12)

Task 1.3: Moving current-carrying conductor in a magnetic field
An electrical conductor (length l = 1 m, resistance R = 0.2 Ω) is connected via two flexible supply
lines from a battery (open circuit voltage UB0 = 12 V, internal resistance RBi = 0.1 Ω) and is excited
with direct current I. The conductor is located in an air gap between two very long permanent
magnets pole pieces, that are perpendicular to the conductor axis. The magnetic flux density directed
downwards perpendicular to the conductor axis Bδ = 0.8 T in the air gap. The self-inductance of
the conductor and the wire connections is neglected.

1.3.1 Draw the electrical equivalent circuit diagram of the battery and resting conductor, and enter
the direction of current flow I in the load convention style. How large is I?
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Figure 1.3.1: Current-carrying conductor in magnetic field.

Answer:
As the magnetic field is constant over time, no induction occurs. Only the electrical battery voltage
acts according to the equivalent circuit diagram in Sol.-Fig. 1.3.1. Hence, the current is calculated
with:

I = UB0

RBi +R
= 12 V

(0.1 + 0.2) Ω = 40 A. (1.3.1)

Solution Figure 1.3.1: Equivalent circuit diagram for the battery and resting conductor marked here
with R.

1.3.2 In which direction shows the Lorentz force F on the conductor? How big is this force?
Answer:
The force F acts at right angles to the field and current flow direction, this means, in the direction
of the air gap surface to the right, which is shown in Sol.-Fig. 1.3.2. Since the direction of current
flow and field direction form a right angle with each other, the maximum possible force occurs:

F = IlBδ = 40 A · 1 m · 0.8 T = 32 N. (1.3.2)

As the conductor is flexibly connected to the battery via flexible connections the force F in the air
gap accelerates it to the right in its direction.
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Solution Figure 1.3.2: Acting Lorentz force on the conductor in the air gap.

1.3.3 Draw the electrical equivalent circuit diagram for the combination of the moving conductor and
feeding battery with the conditions at conductor side l. What additional electrical voltage occurs?

Answer:
If the conductor is moved by the force F at the speed v, the movement induction in the conductor
along the length l creates a movement field strength against the direction of the tangent vector:

Eb = v ×Bδ. (1.3.3)

Therefore, between 2 and 1 the voltage ui is induced:

ui =
∫ 1

2
(v ×Bδ)ds = −

∫ 1

2
vBδds = −vBδl = Ui. (1.3.4)

In the equivalent circuit diagram (Sol.-Fig. 1.3.3), the induced voltage acts in series with the battery
voltage:

UB0 + Ui = (RBi +R)I = UB0 − vBδl. (1.3.5)

As long as vBδl is less than UB0, is I > 0 and the driving force F > 0 remains effective. The induced
voltage acts against the current direction I, which is the cause of the conductor movement through
F , and therefore acts against the cause of its creation (Lenz’s rule, Sol.-Fig. 1.3.3).

Solution Figure 1.3.3: Moving conductor with the induced voltage ui as an external voltage, a)
equivalent electrical circuit diagram, b) direction of the Lorentz force F .
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1.3.4 To what final velocity v0 is the conductor in the air gap accelerated by F if no mechanical
braking force acts on it and if one considers the air gap as arbitrary long? How is the current I in
the conductor after reaching the final velocity?
Answer:
The final velocity v0 in the air gap is reached when, the sum of all forces acting on the conductor is
zero (∑F = 0), according to Newton’s second axiom. Without mechanical forces from outside, this
is this only true when I = 0 due to F = IlBδ. With the equivalent circuit from Sol.-Fig. 1.3.3 the
following equation is defined:

UB0 = (RBi +R)I − Ui, (1.3.6)

with I = 0, it arranges to:
UB0 = −Ui = v0Bδl. (1.3.7)

Hence, the final velocity is calculated as:

v0 = UB0

Bδl
= 12 V

0.8 T · 1 m = 15 m
s . (1.3.8)

At the final speed v0, the induced voltage and battery voltage canceled each other out, such that the
current I is zero.

1.3.5 Assume that the conductor experiences a braking force due to friction FR= 10 N. To what final
velocity v does the conductor now accelerate? What is the current I in the conductor?
Answer:
The final velocity v is reached when no further accelerating force acts on the conductor, i.e., when
F − FR = 0. The force F is defined as:

F = IlBδ = FR = 10 N. (1.3.9)

By rearranging, the necessary current is calculated with:

I = 10 N
1 m · 0.8 T = 12.5 A. (1.3.10)

With the voltage equation again from the equivalent circuit diagram:

UB0 = (RBi +R)I − ui, (1.3.11)

with
ui = −vBδl. (1.3.12)
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Hence, the velocity v calculates as follows:

v = UB0 − (RBi +R)I
Bδl

= 12 V − 0.3 Ω · 12.5 A
0.8 T · 1 m = 10.31 m

s . (1.3.13)

The Lorentz force and the friction force are visualized in Sol.-Fig. 1.3.4 after reaching the final speed.

Solution Figure 1.3.4: Indicates the balance of forces after reaching the final speed.

1.3.6 What mechanical power Pm is required so that the conductor can move against the braking
friction force FR = 10 N with the final velocity v determined in task 3.5. Sketch the curves v(I) and
v(F ) for a variable braking force FR between v0 and v = 0.
Answer:
The mechanical power is calculated as follows:

Pm = FRv = 10 N · 10.31 m/s = 103.1 W. (1.3.14)

The relationship between the current and the velocity is calculated with:

v = UB0 − (RBi +R)I
Bδl

, (1.3.15)

by changing the value of the current. This results in the left part of Sol.-Fig. 1.3.5. The corresponding
force F is calculated as:

F = IlBδ, (1.3.16)

and the resulting values are shown in der right part of Sol.-Fig. 1.3.5.
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Solution Figure 1.3.5: Current and force of the conductor in relationship to the velocity.

1.3.7 What is the electrical power drawn from the battery Pel for the operating point from task
3.5? What is the efficiency η and the power loss Pl when converting electrical power into mechanical
power? How does the conductor act as an electromechanical energy converter?
Answer:
The electrical power for the given operating point is calculated with:

Pel = UB0I = 12 V · 12.5 A = 150 W, (1.3.17)

which is used in the next step for the efficiency calculation:

η = Pout

Pin
= Pm

Pel
= 103.1 W

150 W = 68.7 %. (1.3.18)

The total losses are calculated as follows:

Pl = Pin − Pout = 150 W − 103.1 W = 46.9 W. (1.3.19)

The conductor moves against the braking external frictional force FR, hence, it acts as a motor. It
converts electrical energy from the battery into mechanical energy.
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Exercise 02: DC machine

Acknowledgement: The following exercise is adapted from “Elektrische Maschinen und Antriebe
Übungsbuch: Aufgaben mit Lösungsweg” by A. Binder, Springer, 2017

Task 2.1: Six-pole loop winding
A six-pole DC machine with an axial laminated core length lz = 120 mm and a internal stator
diameter ds = 190 mm has an ideal pole coverage α = 0.7 and a maximum radial magnetic air gap
flux density B̂δ = 0.85 T at no-load. The armature of the machine is equipped with a two-layer lap
winding with a coil winding number Nc = 20 and K = 31 commutator segments. The machine has
a interpole winding connected in series with the armature winding to improve commutation. The
total resistance of the armature and interpole winding is Ra = 0.14 Ω.

2.1.1 What is the total number za of armature conductors?
Answer:
The total number is calculated as follows

za = 2KNc = 2 · 31 · 20 = 1240, (2.1.1)

with K number of commutator elements and Nc number of conductor turns per coil.

2.1.2 Calculate the induced voltage Ui at a rotational speed of n = 4000 1/min.
Answer:
First, the pole pitch is calculated with

τp = dsπ

2p = 190 mm · π
6 = 99.5 mm, (2.1.2)

where ds is the inner stator diameter and p the pole pair number.
The induced voltage per armature conductor calculates as

Ui,c = αµ0Nf lzda

2δp Ifω, (2.1.3)

with Nf field conductor loops and the air gap length δ.
The total induced voltage is defined with

Ui = Na

2a Ui,c, (2.1.4)

with Na armature conductor loops and the pole coverage α. For the lap winding, the number of
parallel winding branches 2a is equal to the number of the magnetic poles 2p, that leads to a = 3.
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Hence, the total induced voltage is calculated by

Ui = ωIf
µ0αNfNalzτp

2πδa , (2.1.5)

with
B̂δ = µ0Nf

2δp If , (2.1.6)

resulting in

Ui = B̂δω
αNalzτpp

πa

= 0.85 T · 2π4000
60

1
s ·

0.7 · 1240
2 · 0.12 m · 0.0995 m · 3

π · 3 = 587.3 V,
(2.1.7)

where lz is the length of the machine and B̂δ the maximum flux density in the air gap.

2.1.3 The machine operates as a motor. For this purpose, a voltage of Ua = 600 V is applied. How
large is the armature current Ia?
Answer:
Derived from the equivalent circuit diagram, the voltage equation is given with:

Ua = Ui + IaRa. (2.1.8)

The above equation is resorted and solved for the armature current as follows:

Ia = Ua − Ui

Ra
= (600 − 587.3) V

0.14 Ω = 90.8 A. (2.1.9)

2.1.4 Calculate the Lorentz force per conductor Fc and per pole Fpole. Calculate in addition the
resulting average electromagnetic torque T . An air gap of δ = 1 mm is assumed.
Answer:
The current per armature conductor is calculated with:

Ic = Ia

2a = 90.8 A
6 = 15.13 A. (2.1.10)

The Lorentz force per armature conductor is determined as:

Fc = B̂δlzIc = 0.85 T · 0.12 m · 15.13 A = 1.54 N. (2.1.11)

With Fc the Lorentz force per pol is calculated with:

Fpole = α
za

2pFc = 0.7 · 1240
6 · 1.54 N = 222.8 N. (2.1.12)
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The torque per conductor is defined as follows

Tc = Fc
da

2 = µ0Nf lzda

8δpa IfIa, (2.1.13)

with the outer armature diameter da = ds − 2δ.
Hence, the resulting average torque is given as

T = 2αNaTc = µ0αNfNalzda

4δpa IfIa, (2.1.14)

with (2.1.6) resulting in the following equation

T = B̂δ

αNalzda

2a Ia

= 0.85 T ·
0.7 · 1240

2 · 0.12 m · 0.188 m
2 · 3 · 90.8 A = 125.9 Nm.

(2.1.15)

2.1.5 Calculate the motor losses. Assume that the iron losses and friction losses can be neglected as
well as that the field excitation is produced via permanent magnets.
Answer:
Based on the assumptions, only the ohmic losses occur in the machine:

Pl = PCu,a = RaI
2
a = 0.14 Ω · (90.8 A)2 = 1154.2 W. (2.1.16)

2.1.6 Calculate the efficiency η for the given operating point.
Answer:
The electric power is defined with

Pel = UaIa = 600 V · 90.8 A = 54480 W, (2.1.17)

and the mechanical output power as:

Pmech = Tω = 125.9 Nm · 2π · 4000
60

1
s = 52753 W. (2.1.18)

The efficiency results in:
η = Pmech

Pel
= 52753 W

54480 W = 96.8 %. (2.1.19)

Task 2.2: Design parameters of a DC machine
The separately-excited four-pole DC machine with a two-layer lap winding has a stator with the
diameter of ds = 133 mm and a length of lz = 80 mm. The armature has Q = 30 slots, u = 3
commutators per slot and layer as well as Nc = 9 windings per armature coil. The maximum air gap
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flux density is B̂δ = 0.9 T, the ideal pole coverage is α = 0.7, and, the air gap width is δ = 1.5 mm.
The nominal speed of the machine is nn = 1440 min−1, with an armature current of Ia,n = 22 A. The
excitation values are given with If = 0.5 A and Uf = 230 V.

2.2.1 What is the pole pitch τp and the flux per pole ϕδ?
Answer:
The pole pitch calculates as follows

τp = dsπ

2p = 133 mm · π
4 = 104.5 mm, (2.2.1)

with the inner stator diameter ds and the pole pair number p = 2. The flux per pole is calculated as

ϕδ = ατplzB̂δ = 0.7 · 0.1045 m · 0.08 m · 0.9 T = 5.265 mWb, (2.2.2)

where α represents the pole coverage, lz is the axial length of the machine and the maximum flux
density B̂δ in the air gap.

2.2.2 What is the number of commutator elements K, the total number of armature conductors za

and the number of parallel armature branches 2a.
Answer:
The number of commutator elements is calculated as

K = Qu = 30 · 3 = 90, (2.2.3)

with Q slots and the slot to commutator ration u. The total number of armature conductors is
defined by

za = 2KNc = 2 · 90 · 9 = 1620, (2.2.4)

with K number of commutator elements and Nc number of conductor turns per coil.
For a lap winding, the number of poles are directly connected with the number of parallel branches,
which results in:

2a = 2p = 4. (2.2.5)

2.2.3 Determine the induced voltage Ui at nominal speed nn and the electromagnetic torque Tn. What
is the necessary armature voltage Ua,n during motor operation mode, when Ra = 1 Ω? How large is
the motor output power, neglecting the friction and the soft magnetic material losses (hysteresis +
eddy current)? Determine the no-load rotational speed n0 at the fixed flux ϕδ.
Answer:
The induced voltage is calculated by

Ui = ωIf
µ0αNfNalzτp

2πδa , (2.2.6)
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with
B̂δ = µ0Nf

2δp If , (2.2.7)

resulting in

Ui = B̂δω
αNalzτpp

πa

= 0.9 T · 2π1440
60

1
s ·

0.7 · 1620
2 · 0.08 m · 0.1045 m · 2

π · 2 = 204.8 V.
(2.2.8)

The average torque is given as
Tn = µ0αNfNalzda

4δpa IfIa, (2.2.9)

with (2.2.7) resulting in the following equation

T = B̂δ

αNalzda

2a Ia

= 0.9 T ·
0.7 · 1620

2 · 0.08 m · 0.130 m
2 · 2 · 22 A = 29.2 Nm.

(2.2.10)

The armature voltage Ua,n at nominal speed is derived from the equivalent circuit diagram and
therefore given with:

Ua,n = Ui +RaIn = 204.8 V + 1 Ω · 22 A = 226.8 V. (2.2.11)

The mechanical output power is defined with:

Pmech = Tnω = 29.2 Nm · 2π · 1440
60

1
s = 4403 W. (2.2.12)

To calculate the maximum speed at no-load, the friction and soft magnetic losses are neglected.
Therefore, the armature current is assumed to zero (Ia = 0) resulting in Ui = Ua. Hence, the voltage
equation is given with:

Ui = Ua = B̂δω
αNalzτpp

πa
. (2.2.13)

By rearranging the equation from above, the no-load speed is calculated as follows:

n = Uaπa

B̂δαNalzτpp2π
= 226.8 V · π · 2

0.9 T · 0.7 · 1620
2 · 0.08 m · 0.1045 m · 2 · 2π = 26.8 1

s = 1607 1
min . (2.2.14)

2.2.4 How many brush pairs does the machine have? How big is the current per brush? What is the
circumferential speed of the armature under consideration of δ?
Answer:
The machine has two brush pairs to meet the pole pair number, which are electrical parallel connected.
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At the nominal operation point, the current per brush is calculated as follows

Ib = Ia,n

a
= 22 A

2 = 11 A, (2.2.15)

with a = p = 2 due to the lap winding.
The outer diameter of the armature is determined with

da = ds − 2δ = 133 mm − 2 · 1.5 mm = 130 mm, (2.2.16)

and therefore, the circumferential speed of the armature calculates with:

va = daπnn = 0.13 m · π · 1440
60

1
s = 9.8 m

s = 35.3 km
h . (2.2.17)

2.2.5 Determine the necessary excitation with ideal iron path (µr → ∞) per pole. What is the
number of necessary windings for each of the four coils of the excitation of the stator. Considering
a real motor, is the excitation larger or smaller?
Answer:
The total field is calculated as follows

θf = Ĥδδ = B̂δ

µ0
δ = 0.9 T

4π · 10−7 Vs
Am

· 0.0015 m = 1074.3 A, (2.2.18)

with the magnetic field strength Hδ in the air gap. The relationship between the total excitation
and the excitation per pole is

θf = Nf,poleIf , (2.2.19)

which results in the necessary windings per pole

Nf,pole = θf

If
= 1074.3 A

0.5 A = 2148.6, (2.2.20)

with the field current If . This results in 2149 necessary turns.
By considering iron saturation µr is not constant anymore, see therefore the magnetization curves
from the lecture. This results in lower value of µr compared to the previous assumption in this task
(µr → ∞) and therefore the effective magnetic reluctance along the field excitation path increases.
To overcome this and to provide the same effective excitation field, the field winding’s MMF need to
be increased by additional winding turns compared to the previous calculation.

2.2.6 Determine the efficiency ηa of the armature and the resulting total efficiency η. Are these losses
larger or smaller for real motors? Why? Give an explanation.
Answer:
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The electrical input power is calculated as follows:

Pel,a = UaIa,n = 226.8 V · 22 A = 4990 W. (2.2.21)

Hence, the armature efficiency is determined with:

ηa = Pmech

Pel,a
= 4503 W

5031.4 W = 0.895 = 89.5 %. (2.2.22)

The field losses are calculated as

Pel,f = UfIf = 230 V · 0.5 A = 115 W, (2.2.23)

which leads to the total efficiency:

η = Pmech

Pel,a + Pel,f
= 4403 W

4990W + 115 W = 0.862 = 86.2 %. (2.2.24)

The real losses are higher due to the air and bearing friction as well as the soft magnetic material
losses (hysteresis + eddy current) which have been neglected in the above model calculation but
which are present in a real machine.

2.2.7 The motor should be operated with a constant armature voltage of Ua,n = 230 V in the flux-
weakening range with T = 15 Nm. What is the flux per pole ϕpole and the armature current Ia? How
large is the resulting efficiency η, if the utilized iron shows no saturation and required field weakening
is reached through reducing the field voltage Uf .
Answer:
The armature voltage is calculated as

Ua = Ui +RaIa = ωψ′
f +RaIa, (2.2.25)

with Ia = T
ψ′

f
resulting in:

Ua = ωψ′
f + RaT

ψ′
f
. (2.2.26)

This equation is reformed to the following

(ψ′
f)

2 − Ua

ω
ψ′

f + RaTn

ω
= 0, (2.2.27)

which represents a quadratic equation, that is solved in the following form:

x2 + Px+Q = 0. (2.2.28)
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The solution is given as follows

x1,2 = −P

2 ±
√(

P

2

)2
−Q, (2.2.29)

with
P = −Ua

ω
, (2.2.30)

which is applied according to the equation:

P

2 = − 230 V
4π · 1900

60
1
s

= 0.578 Vs. (2.2.31)

The parameter Q is defined by:

Q = RaTn

ω
= 1 Ω · 15 Nm

2π · 1900
60

1
s

= 0.0754 (Vs)2. (2.2.32)

Hence, the solution is calculated as follows

(ψ′
f)1,2 = Ua

2ω ±
√(

Ua

2ω

)
− RaTn

ω
,

(ψ′
f)1,2 = 0.578 ±

√
(0.578Vs)2 − 0.0754 Vs,

(2.2.33)

with two possible solution due to the quadratic equation. Therefore, both solutions must be evalu-
ated, starting with (ψ′

f)1 = 0.07 Vs. The corresponding current is calculated by:

Ia = Tn

(ψ′
f)1

= 15 Nm
0.07 Vs = 214.3 A. (2.2.34)

Testing the second solution (ψ′
f)2 = 1.09 Vs results in

Ia = Tn

(ψ′
f)2

= 15 Nm
1.09 Vs = 13.76 A, (2.2.35)

which is the right solution due to the lower current.
The corresponding flux per pole is calculated with:

ϕpole = (ψ′
f)2
za
2π

= 1.09 Vs
1620
2π

= 4.23 mVs. (2.2.36)

The relationship to the previously calculated flux per pole ϕδ is defined as follows

ϕpole

ϕδ

= 4.23 mVs
5.265 mVs = 0.803 = 80.3 %. (2.2.37)

In the following, the armature current is set in relation to the nominal current as:

Ia

Ia,n
= 13.76 A

22 A = 0.63 = 63 %. (2.2.38)
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Hence, the electrical input power is calculated with

Pel,a = UaIa = 230 V · 13.76 A = 3164.8 W, (2.2.39)

and the mechanical power with the given values in the task description by:

Pmech = Tω = 15 Nm · 2π · 1900
60

1
s = 2984.5 W. (2.2.40)

The given operating point is located in the flux-weakening range and, therefore, the excitation values
and the corresponding losses are changed. This leads to lower excitation losses as follows

Pel,f

Pel,f,n
= RfI

2
f

RfI2
f,n

= I2
f

I2
f,n
, (2.2.41)

with
ϕpole

ϕδ

= I2
f

I2
f,n

= 0.8032. (2.2.42)

This results in:
Pel,f = Pel,f,n

(
If

If,n

)2

= 115 W · (0.803)2 = 74.2 W. (2.2.43)

The efficiency is given by:

η = Pmech

Pel,a + Pel,f
= 2984.5 W

3164.8 W + 74.2 W = 0.921 = 92.1 %. (2.2.44)

Task 2.3: Submarine with DC machine
A four-pole DC machine on the board of a submarine with Ua,n = 440 V, Pn = 65 kW, nn = 1300 min−1

has an efficiency of ηn = 0.9. The total losses Pl are separated in the ohmic losses PCu,a in the armature
with 75 % and the soft magnetic material, friction, and additional losses (PFe + Pfr+add) with 25 %
of the total losses Pl. The field excitation losses are neglected in the following.

2.3.1 Calculate the armature current Ia,n, the torque Tn, the losses PCu,a and Pfr+add, the armature
winding resistance Ra and the no-load speed n0.
Answer:
The armature current calculates as follows

Ia,n = Pn/ηn

Ua,n
= 65 kW/0.9

440 V = 164.1 A, (2.3.1)

with a nominal mechanical power of Pn, the efficiency ηn and the voltage Ua,n. Hence, the torque is
determined with:

Tn = Pn

ωn
= 65 kW

2π · 1300
60

1
s

= 477.5 Nm. (2.3.2)
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The efficiency is given with
ηn = Pn

Pn + Pl
, (2.3.3)

where Pl are the losses of the machine. To calculate them, the equation is rearranged as follows:

Pl =
(

1
ηn

− 1
)
Pn =

( 1
0.9 − 1

)
· 65 kW = 7222 W. (2.3.4)

As described in the task, the cupper losses are defined by

PCu,a = 0.75Pl = 0.75 · 7222 W = 5416.7 W, (2.3.5)

and, therefore, the other losses yield as follows:

PFe + Pfr+add = 0.25Pl = 0.25 · 7222 W = 1805.5 W. (2.3.6)

The resistance of the armature calculates with

PCu,a = RaI
2
a,n, (2.3.7)

which is resorted to the following:

Ra = PCu,a

I2
a,n

= 5416.7 W
(164.1 A)2 = 0.201 Ω. (2.3.8)

The voltage is determined according to the equivalent circuit diagram by

Ua = Ui +RaIa,n, (2.3.9)

and, therefore, the induced voltage is calculated with

Ui = Ua −RaIa,n = 440 V − 0.201 Ω · 164.1 A = 407 V. (2.3.10)

In addition, the induced voltage is defined as

Ui = ωψ′
f , (2.3.11)

which is used to calculate the flux linkage as follows:

ψ′
f = Ui

ω
= 407 V

2π · 1300
60

1
s

= 2.99 Vs. (2.3.12)

To calculate the maximum speed at no-load, the friction and soft magnetic losses are neglected.
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Therefore, the armature current is assumed to zero (Ia = 0) resulting in Ui = Ua,n, which leads to

ω = Ua,n

ψ′
f
, (2.3.13)

resulting in
n0 = Ua,n

ψ′
f2π

= 440 V
2.99 Vs · 2π = 23.42 1

s , (2.3.14)

which is a no-load speed of n0 = 1405 min−1.

2.3.2 Determine the value of the additional starter resistor Rd, such that the start-up torque T1 at
Ua = Ua,n is limited to 150 % of the nominal torque.
Answer:
As described in the task, the torque is set by

T1 = 1.5Tn = ψ′
fIa,1, (2.3.15)

and at machine standstill, the voltage is defined as:

Ua,n = (Ra +Rd) Ia,1. (2.3.16)

Therefore, the starter resistor is calculated with

Rd = Ua,n

Ia,1
−Ra = Ua,nψ

′
f

1.5Tn
−Ra = 440 V · 2.99 Vs

1.5 · 477.5 Nm − 0.201 Ω = 1.635 Ω. (2.3.17)

Hence, the starter current is determined with:

Ia,1 = 1.5Tn

ψ′
f

= 1.5 · 477.5 Nm
2.99 Vs = 239.7 A. (2.3.18)

2.3.3 With a power electronic converter, the armature voltage Ua is reduced to 0.8 Ua,n. How large
is the rotational speed n with the fixed flux ϕδ at the torque T = 0.5 Tn?
Answer:
The equation for the reduced armature voltage is given as follows

Ua = 0.8Ua,n = ωψ′
f +RaIa, (2.3.19)

and the reduced torque results in a lower armature current, which is calculated with:

Ia = 0.5Tn

ψ′
f
. (2.3.20)
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With this two equations from above, the speed is calculated below:

n =
0.8Ua,n − Ra0.5Tn

ψ′
f

2πψ′
f

=
0.8 · 440 V − 0.201 Ω·0.5·477.5 Nm

2.99 Vs
2π · 2.99 Vs

= 17.89 1
s = 1073.6 1

min .
(2.3.21)

2.3.4 After the submarine surfaced, the machine is now used as a generator to charge the batteries
powering with marine diesel at the speed nn = 1530 min−1. What is the no-load induced voltage?
How big is the armature voltage Ua at Ia = Ia,n (ϕ = ϕδ)?
Answer:
The induced voltage is calculated with:

Ui = U0 = ωψ′
f = 2π · 1530

60
1
s · 2.99 Vs = 478.7 V. (2.3.22)

To determine the armature voltage, the ohmic voltage drop is taken into account as given below:

Ua = U0 − Ia,nRa = 478.7 V − 164.1 A · 0.201 Ω = 445.8 V. (2.3.23)

2.3.5 How large is the voltage Ua at ϕ = 0.7 ϕδ and Ia = Ia,n/2?
Answer:
The armature voltage is calculated in the following with:

Ua = U0
ϕ

ϕδ

− 1
2Ia,nRa = 478.7 V · 0.7 − 0.5 · 164.1 A · 0.201 Ω = 318.6 V. (2.3.24)

2.3.6 What is the rotational speed n such that the generator with the nominal flux ϕδ and the nominal
current Ia,n induces an armature voltage of U0?
Answer:
The basic equation is the same as in the previous subtasks and is defined as:

Ua = U0 = ωψ′
f −RaIa,n. (2.3.25)

After reformulation the speed is calculated as shown below:

n = U0 +RaIn

2πψ′
f

= 478.7 V + 0.201 Ω · 164.1 A
2π · 2.99 Vs = 27.25 1

s = 1635 1
min . (2.3.26)
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Exercise 03: DC machine and transformer

Acknowledgement: The following exercise is adapted from “Grundlagen der Elektrotechnik Teil B”
by J. Böcker, Paderborn University, 2020

Task 3.1: Series DC machine with DC and AC voltage supply
In this task, a ten-pole series DC machine is given. The supply voltage is UDC = 325 V with an
electrical input power of Pel = 500 W at a nominal speed of 1600 min−1.

3.1.1 Calculate the nominal torque Tn and the nominal armature current Ia,n for an effective field
inductance of L′

f = 1.24 H.
Answer:
The armature current is calculated with:

Ia,n = Pel

UDC
= 500 W

325 V = 1.54 A. (3.1.1)

Hence, the nominal torque calculates as:

Tn = L′
fI

2
a,n = 1.21 H · (1.54 A)2 = 2.9 Nm. (3.1.2)

3.1.2 Determine the efficiency for the given operating point.
Answer:
The mechanical power is given with

Pmech = Tnωn = 2.9 Nm · 2π · 1600
60

1
s = 486 W. (3.1.3)

The electrical input power is known from the task description, which results in the following efficiency:

η = Pmech

Pel
= 486 W

500 W = 0.972 = 97.2 %. (3.1.4)

3.1.3 The machine is manufactured with a lap winding, which contains Na = 40 armature windings.
The number of field windings Nf = 10 is given too. Calculate the field inductance Lf .
Answer:
The field inductive is calculated with:

Lf = L′
f
Nf

Na

aπ

2p = 1.24 H · 10
40 · 5π

2 · 5 = 0.49 H, (3.1.5)

where a = p due to the lap winding.
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3.1.4 Calculate the peak and the average torque of the machine for an alternating voltage supply
with U = 230 V and a frequency f = 50 Hz. Assume, that the armature inductivity is given as
La = Lf

Na
Nf

. Interpret the results.
Answer:
The total series inductance is calculated with:

L = La + Lf = Lf
Na

Nf
+ Lf = 0.49 H · 40

10 + 0.49 H = 2.43 H. (3.1.6)

The effective resistance can be calculated on the previously provided information from the DC oper-
ation case:

R′(ω) = UDC

Ia,n
= 325 V

1.54 A = 211 Ω. (3.1.7)

Therefore, the peak torque is calculated with:

T̂ = 2L′
f

U2

R′(ω)2 + ω2
elL

2 = 2 · 1.24 H · (230 V)2

(211 Ω)2 + (2π · 50 Hz)2 · (2.43 H)2 = 0.21 Nm. (3.1.8)

The average torque is defined as:

T = 1
2 T̂ = 1

2 · 0.21 Nm = 0.11 Nm. (3.1.9)

The machine in this task is designed for a DC voltage supply, which is shown indirectly with the
good efficiency. By considering an AC voltage supply, the high inductance value increases the induced
voltage significantly. Hence, no voltage margin remains between the terminal voltage and the induced
voltage, which results in a small armature current and a small corresponding torque. To complete
this task: When the series DC machine is designed for a DC voltage supply, the operation with an
AC voltage does not make sense but requires an electromagnetic redesign of the machine.

Task 3.2: Ideal transformer
Given is an ideal (no losses, no flux leakage) single-phase transformer with an apparent power of
5 kVA. The voltage U1 on the primary side is 230 V and on the secondary side U2 = 110 V. The
transformer is operated at a frequency of 50 Hz.

3.2.1 Determine the turn ratio ü of the transformer.
Answer:
The turn ratio of the transformer is given with:

ü = U1

U2
= 230 V

110 V = 2.1. (3.2.1)
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3.2.2 The transformer is operated at its rated operating point. Calculate the current through the
primary and secondary winding.
Answer:
The current through the primary winding is calculated as

I1,n = S

U1
= 5 kVA

230 V = 21.4 A, (3.2.2)

with the apparent power S given in the task. Due to the ideal transformer, the current through the
secondary winding is determined in the same way as follows:

I2,n = S

U2
= 5 kVA

110 V = 45.5 A. (3.2.3)

3.2.3 Now, the transformer is operated on the secondary side with the rated terminal voltage and
delivers an active power of P2 = 3.2 kW with a power factor of cosφ = 0.8 (inductive). Calculate
the current of the primary and secondary winding.
Answer:
The apparent power is calculated with as:

S = P2

cosφ = 3.2 kW
0.8 = 4 kVA. (3.2.4)

Due to the loss-free transformer, the calculated apparent power is the same on the primary and
secondary side. Hence, the primary and secondary currents are are determined by:

I2 = S

U2
= 4 kVA

110 V = 36.4 A,

I1 = S

U1
= 4 kVA

230 V = 17.4 A.
(3.2.5)

Task 3.3: Magnetization current
A transformer has a primary voltage of U1 = 230 V and a secondary voltage of U2 = 48 V with a
frequency of f = 50 Hz. The area of the iron core is SFe = 6 cm2. The average length of the iron
core is given with lFe = 30 cm. A simplified sketch of the transformer is shown on the left side in
Fig. 3.3.1 below. On the right side, the magnetization curve of the utilized iron is visualized.

3.3.1 How many winding turns are necessary, such that the maximal flux denxity in the iron is
B̂ = 0.8 T? Hint: For the calculation of the winding turns, the magnetic coupling of the coils is
assumed to be ideal. In addition, winding resistances are also neglected. Draw the T-equivalent
circuit diagram for the given assumptions.
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Figure 3.3.1: The left side shows a simplified sketch of the transformer given in the task. On the
right hand side a magnetization curve is given.

Answer:
As described in the task, the windings are perfectly connected, which means, that no leakage flux
occurs. In addition, the winding resistances and the iron losses of the transformer are neglected.
This results in the equivalent circuit diagram shown in Sol.-Fig. 3.3.1.

Solution Figure 3.3.1: Equivalent circuit diagram without leakage flux and neglected winding and
iron losses.

Therefore, the relationship between the voltage and flux linkage is given with:

u1(t) = − d
dtψ(t), (3.3.1)

which is rearranged into the following form:

ψ = −
∫
u1(t)dt = −

∫ √
2U1 sin(ωt)dt. (3.3.2)

Due to the steady state, the integral is indefinite. This results in:

ψ =
√

2U1

ω
cos(ωt). (3.3.3)
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This is simplified in the case of the maximum value of the flux linkage to:

ψ̂ =
√

2U1

ω
. (3.3.4)

The relationship between the flux linkage, the number of winding turns and flux is given with:

ψ = N1ϕ1. (3.3.5)

Hence, the number of turns is calculated with:

N1 = ψ̂

ϕ1
=

√
2U1
ω

B̂SFe
=

√
2·230 V

2π·50 Hz
0.8 T · 6 · 10−4 m = 2157. (3.3.6)

The turn ratio of the transformer is defined as follows

ü = U1

U2
= 230 V

48 V = 4.79, (3.3.7)

hence, the winding turns for the secondary winding are calculated by:

N2 = N1

ü
= 2157

4.79 = 451. (3.3.8)

3.3.2 Which magnetization current I ′
m consumed the transformer in the no-load operating mode?

Assume that the iron losses are neglected.
Answer:
At no-load operation, the current through the secondary winding is assumed to zero (i2 = 0 A).
Therefore, the magnetomotive force simplifies to:

θ = HFelFe = N1i1. (3.3.9)

Due to the no-load operation, the current through the primary winding is equal to the magnetization
current. In addition, the maximum flux density B̂ leads to the calculation of the peak magnetization
current as:

î1 = î′m,1 = ĤFelFe

N1
=

2 A
cm · 30 cm

2157 = 27.8 mA. (3.3.10)

The magnetic flux density B shows a linear behavior in the area between 0 T and 0.8 T. Therefore, the
magnetization current is not distorted due to the magnetization and has a sinusoidal characteristic.
Hence, the current is calculated as follows:

I ′
m =

î′m,1√
2

= 27.8 mA√
2

= 19.7 mA. (3.3.11)
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3.3.3 Calculate the factor between the peak magnetization current î′m,2, when the applied voltage is
risen from U1 = 230 V to U1 = 400 V.
Answer:
With the rearranged equation (3.3.6), the maximum flux density is calculated by:

B̂ =
√

2U1

ωSFeN1
=

√
2 · 400 V

2π · 50 Hz · 6 · 10−4 m · 2157 = 1.39 T. (3.3.12)

The maximum flux density is used to determine the maximum field strength Ĥ = 16 A
cm . Hence, the

peak magnetization current results in:

î′m,2 = ĤFelFe

N1
=

16 A
cm · 30 cm
2157 = 222.5 mA. (3.3.13)

Hence, the factor is calculated as:
îm,2

îm,1
= 222.5 mA

27.8 mA = 8. (3.3.14)

Task 3.4: Parameter identification via no-load test
Given is a 50 Hz, 6 MVA single-phase transformer with U1 = 5 kV and U2 = 100 kV. The effective
area of the core is SFe = 0.187 m2 and a maximum flux density of B̂ = 1.5 T. During the no-load
operation, the primary voltage is U1,o = 5 kV with a no-load electrical power Po = 8.8 kW and the
no-load current Io = 2.6 A.

3.4.1 Calculate the nominal currents and the transformer ratio.
Answer:
The transformer ratio is given as:

ü = U1

U2
= 5 kV

100 kV = 0.05. (3.4.1)

With the apparent power S of the transformer, the primary and secondary currents are calculated
by:

I1 = S

U1
= 6 MVA

5 kV = 1200 A,

I2 = S

U2
= 6 MVA

100 kV = 60 A.
(3.4.2)

3.4.2 Calculate the number of winding turns N1 for the primary and N2 for the secondary side.
Answer:
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The number of winding turns for the primary side is calculated with:

N1 = ψ̂

ϕ
=

√
2U1
ω

B̂SFe
=

√
2·5 kV

2π·50 Hz
1.5 T · 0.187 m2 = 81. (3.4.3)

The number of winding turns for the secondary side is calculated with the transformer ratio as
follows:

N2 = N1

ü
= 81

0.05 = 1620. (3.4.4)

3.4.3 Determine the iron losses and the apparent power So for no-load operation. Give the values for
the magnetization current I ′

m, the iron loss current Ic and the mutual inductance M ′. Assume for
the calculation that R1 << Rc and L1,σ << M ′. In addition, draw the equivalent circuit diagram
with the given assumptions.
Answer:
The equivalent circuit diagram for the no-load operation with the iron loss resistance Rc is shown in
Sol.-Fig. 3.4.1.

Solution Figure 3.4.1: Equivalent circuit diagram for the no-load test with the iron loss resistor Rc.

The no-load apparent power is calculated by

So = UoIo = 5 kV · 2.6 A = 13 kVA, (3.4.5)

with the no-load voltage Uo and the no-load current Io.
The equivalent iron loss resistance is determine as follows

Rc =
U2

1,o

P1,o
= (5 kV)2

8.8 kW = 2841 Ω, (3.4.6)

and, therefore, the corresponding current is calculated with:

Ic =
√
P1,o

Rc
=
√

8.8 kW
2841 Ω = 1.76 A. (3.4.7)

The power factor is determined as

cosφo = P

S
= 8.8 kW

13 kVA = 0.68, (3.4.8)

and the corresponding angle is φo = 47.16◦.
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The following equation is used to calculate the mutual inductance

ωelM
′ ≈ U1,o

I1,o sin(φo)
, (3.4.9)

which is rearranged to:

M ′ = U1,o

I1,o sin(φo)ωel
= 5 kV

2.6 A · sin(47.16◦) · 2π · 50 Hz = 8.35 H. (3.4.10)

With the geometric addition the magnetization currents is calculated with:

I ′
m =

√
I2

1,o − I2
c =

√
(2.6 A)2 − (1.76 A)2 = 1.91 A. (3.4.11)

Task 3.5: Inrush current
Given is a single-phase transformer in no-load operation (i.e., open circuit secondary side) which
initial primary current is zero. A the time point t = 0, the voltage un(t) = ûn sin(ωt+ α) is applied.
Remanence and iron losses are neglected. The self-inductance L1, resistance R1 and the number of
winding turns N1 are given.

3.5.1 Calculate the inrush current trajectory i1(t) and the trajectory of the flux ϕ(t).
Answer:
The dynamic equation of the transformer current is given as follows:

d
dti(t) =

− R1
σL1

R2M
σL1L2

R1M
σL1L2

− R2
σL2

 i(t) +
 1

σL1
− M
σL1L2

− M
σL1L2

1
σL2

u(t). (3.5.1)

Due to the no-load operation (i2 = 0 A) and the neglected leakage flux, the equation simplifies to:

d
dti1(t) = −R1

L1
i1(t) − 1

L1
u1(t). (3.5.2)

The equation from above is rearranged to solve the ordinary differential equation. Therefore, the
homogeneous part is on the left side and the perturbation part on the right side as given below

d
dti1(t) + 1

τ
i1(t) = 1

L1
u1(t), (3.5.3)

with τ = L1
R1

.
First, the homogeneous part is separated, which results in:

d
dti1(t) + 1

τ
i1(t) = 0. (3.5.4)
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This homogeneous part is solved with the exponential approach, which is given with

i1(t) = Ce− t
τ , (3.5.5)

and the first derivative
d
dti1(t) = −C

τ
e− t

τ , (3.5.6)

with an integration constant C.
Using (3.5.5) and (3.5.6) results in

R1

L1
Ce− t

τ − C

τ
e− t

τ = 0, (3.5.7)

which is rearranged as follows:
Ce− t

τ

(
R1

L1
− 1
τ

)
= 0. (3.5.8)

Therefore, the homogeneous solution is given as:

i1,h(t) = Ce− t
τ . (3.5.9)

In the second step, the perturbation solution is determined. Therefore, the comparison of coefficients
ansatz is used. The voltage is given in the task with

un = ûn sin(ωt+ α), (3.5.10)

which leads to:
sin(ωt+ α) = cos(ωt) sin(α) + sin(ωt) cos(α). (3.5.11)

The expression in (3.5.11) is separated in two parts which are later combined again (superposition
principle of linear systems). The approach for the first case is given by:

d
dti(t) + 1

τ
i(t) = k sin(α) cos(ωt), (3.5.12)

with a new parameter k = û
L1

, derived from (3.5.3).
The general approach is given with

i1,s(t) = a cos(ωt) + b sin(ωt), (3.5.13)

with the two parameter a and b. The first derivative is determined as:

d
dti1,s(t) = −aω sin(ωt) + bω cos(ωt). (3.5.14)
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With (3.5.13) and (3.5.14) in (3.5.3) the equation is determined:

−aω sin(ωt) + bω cos(ωt) + 1
τ

[a cos(ωt) + b sin(ωt)] = k sin(α) cos(ωt). (3.5.15)

The following equation is obtained by reshaping

sin(ωt)
[
−aω + 1

τ
b
]

+ cos(ωt)
[
bω + 1

τ
a− k sin(ωt)

]
= 0, (3.5.16)

and by dividing through cos(ωt) results in:

tan(ωt)
[
−aω + 1

τ
b
]

+
[
bω + 1

τ
a− k sin(ωt)

]
= 0. (3.5.17)

To fulfill the equation, the expressions between the large brackets must be zero. The first expression
is given with:

−aω+1
τ
b = 0,

b = aωτ.
(3.5.18)

The second expression is defined with:

bω + 1
τ
a− k sin(α) = 0. (3.5.19)

With b from (3.5.18) results in

aω2τ + 1
τ
a− k sin(α) = 0,

a
[
ω2τ + 1

τ

]
= k sin(α),

(3.5.20)

which is reshaped to:
a = k sin(α)

ω2τ + 1
τ

. (3.5.21)

Therefore, with the two calculated coefficients, the solution for the first approach is:

i1,s(t) = k sin(α)
ω2τ + 1

τ

[cos(ωt) + ωτ sin(ωt)] . (3.5.22)

The second case is given with d
dti(t) + 1

τ
i(t) = k cos(α) sin(ωt).To do this, the steps already carried

out in the first approach are repeated. The starting point is given as

i2,s(t) = a cos(ωt) + b sin(ωt), (3.5.23)

33



Electrical Machines and Drives
Prof. Dr.-Ing. Oliver Wallscheid IAS Interconnected 

Automation Systems

and, therefore, the first derivative:

d
dti2,s(t) = −aω sin(ωt) + bω cos(ωt). (3.5.24)

The comparison of coefficients and reshaping leads to:

−aω sin(ωt) + bω cos(ωt) = 1
τ

[a cos(ωt) + b sin(ωt)] = k sin(ωt),

sin(ωt)
[
−aω + 1

τ
b− k cos(α)

]
+ cos(ωt)

[
bω + 1

τ
a
]

= 0.
(3.5.25)

To fulfill the equation, the expressions between the large brackets must be zero. The first expression
is given with:

bω+1
τ
a = 0,

a = ωbτ.
(3.5.26)

The second expression is defined with:

−aω+1
τ
b− k cos(α) = 0,

ω2bτ+1
τ
b− k cos(α) = 0,

b = k cos(α)
ω2τ + 1

τ

.

(3.5.27)

This result is used to solve parameter a from (3.5.26) as follows:

a = −ωbτ = −ωτk cos(α)
ω2τ + 1

τ

. (3.5.28)

Therefore, the solution for the second case of the perturbation part is defined as

is,2(t) = k cos(α)
ω2τ + 1

τ

[−ωτ cos(ωt) + sin(ωt)] , (3.5.29)

and, this leads to the solution of the perturbation part by:

i1,s(t) = k

ω2τ + 1
τ

[sin(α) [cos(ωt) + ωτ sin(ωt)] + cos(α) [−ωτ cos(ωt) + sin(ωt)]] . (3.5.30)

The total solution is given with:
i1(t) = i1,h(t) + i1,s(t). (3.5.31)

Next, the integration constant C from the homogeneous solution is determined. To perform this,
the initial conditions are used, which are defined in the task description. Therefore, the current is
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defined as:
i1(0) = 0. (3.5.32)

The second initial condition is the results of applying (3.5.32) to the differential equation, that is:

d
dti1(0) = 1

L1
u(0) = 1

L1
û sin(α). (3.5.33)

Apply the initial conditions to the total solution results in

i(0) = C + k

ω2τ + 1
τ

[sin(α) − ωτ cos(α)] = 0, (3.5.34)

which is rearranged to:
C = k

ω2τ + 1
τ

[− sin(α) + ωτ cos(α)] . (3.5.35)

Therefore, the total solution is given with:

i1(t) = k

ω2τ + 1
τ

[− sin(α) + ωτ cos(α)] e− t
τ

+ k

ω2τ + 1
τ

[sin(α) [cos(ωt) + ωτ sin(ωt)] + cos(α) [−ωτ cos(ωt) + sin(ωt)]] .
(3.5.36)

The trajectory of the flux is defined as

ϕ(t) = L1i(t), (3.5.37)

and, therefore, directly given with the current trajectory.

3.5.2 Assume that R1 << ωL1. Discuss the result for i1(t), when the voltage is applied at zero
crossing with an angle α = 0 and for an angle of α = π

2 .
Answer:
First, the trajectory for α = 0 is determined. Therefore, (3.5.36) results in:

i1(t) = k

ω2τ + 1
τ

[
ωτe− t

τ − ωτ cos(ωt) + sin(ωt)
]
. (3.5.38)

With the assumptions given in the task, R1 << L1ω results into ωτ >> 1.
Hence, the equation simplifies to

i1(t) = k

ω2τ + 1
τ

ωt
[
e− t

τ − cos(ωt)
]
,

= û

L1

1
ω

[
e− t

τ − cos(ωt)
]
,

(3.5.39)

which is used to calculate the current trajectory. As it can be seen, the equation contains an
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exponential part. To determine the steady-state current trajectory, the equation is reshaped into:

i1(t) = û

L1ω
e− t

τ − û

L1ω
cos(ωt),

= û

L1ω
e− t

τ + û

L1

∫
sin(ωt)dt.

(3.5.40)

With the input voltage u(t) = û sin(ωt+ α), the equation simplifies to:

i1(t) = Û

L1ω
e− t

τ + 1
L1

∫
u(t)dt. (3.5.41)

Assumed, that in the steady state τ → ∞, only the second part of the equation remains. Therefore,
the current trajectory is given with:

i1(t) = 1
L1

∫
u(t)dt. (3.5.42)

Next, the trajectory for α = π
2 is determined. Therefore, the equation (3.5.36) is solved as follows:

i1(t) = k

ω2τ + 1
τ

[cos(ωt) + ωτ sin(ωt)] ,

= k

ω2τ + 1
τ

[ωτ sin(ωt)] ,

= 1
L1
Û

1
ω

sin(ωt),

= Û

L1ω
sin(ωt).

(3.5.43)

In Sol.-Fig. 3.5.1 the two calculated current trajectories are visualized. They result from the applied
voltage with the additional angle α. In this example is the peak current value during the transient
process approximately double than in the steady state, which can trigger the overcurrent protection.
Therefore, the magnetization current should be kept low and the overcurrent protection must be able
to handle the inrush current.
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Solution Figure 3.5.1: Current of the transformer, when the voltage is applied at two different angles
for α.
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Exercise 04: Fourier analysis of rotating fields

Acknowledgement: The following exercise is adapted from “Geregelte Drehstromantriebe / Con-
trolled AC Drives” by J. Böcker, Paderborn University, 2021 and “Elektrische Maschinen und
Antriebe Übungsbuch: Aufgaben mit Lösungsweg” by A. Binder, Springer, 2017

Task 4.1: Fourier analysis of a field distribution of a three-phase winding
The winding of a three-phase and four-pole machine is described with the following parameters. The
number of notches is given with q = 2 and the winding chording is y/ρp = 5/6. The number of
windings per coil is given with Nc = 5 with a = 1. The air gap is given with δ = 1 mm and the inner
stator diameter is ds = 80 mm. The phase current root mean square value is given with Is = 30 A.

4.1.1 Calculate the number of slots per pole pair. In addition, determine the pole pitch ρp as an
angular information and calculate the pole pitch τp as a distance in m. Furthermore, determine the
number of conductors per phase.
Answer:
The number of slots is calculated with

Q = q2pm = 2 · 2 · 2 · 3 = 24, (4.1.1)

where p is the number of pole pairs and m is the number of phases. Therefore, the number of slots
per pole pair is given with:

Q

p
= 24

2 = 12. (4.1.2)

The pole pitch as an angular information is calculated with

ρp = π

p
= π

2 , (4.1.3)

and in comparison, the pole pitch as a distance information is determined as:

τp = dsπ

2p = 80 mm · π
2 · 2 = 62.8 mm. (4.1.4)

The conductors per phase are calculated by:

Na = 2pqNc

a
= 2 · 2 · 2 · 5

1 = 40. (4.1.5)

4.1.2 Calculate the amplitude of the flux density fundamental in the air gap assuming an ideal
homogenous and block-shaped flux distribution along the stator circumference.
Answer:
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The maximum flux density is given with:

B̂ = µ0Nî

2δ =
4π · 10−7 Vsm

A · 40 ·
(
30 ·

√
2
)

A
2 · 0.001 m = 1.07 Vs. (4.1.6)

The general form to calculate the flux density for phase a of a harmonic order is defined by

B̂(k)
a (t) = 4

π
B̂ cos(ωt)1

k
ξd,kξp,k, (4.1.7)

with ξd,k is the distribution and ξp,k is the pitch factor. Hence, for the fundamental wave is k = 1,
which leads to

ξd,1 =
sin

(
1·π
2m

)
q sin

(
1·π
2mq

) =
sin

(
1·π
2·3

)
2 · sin

(
1·π

2·3·2

) = 0.966, (4.1.8)

and,

ξp,1 = sin
(

1 · π2
y

ρp

)
= sin

(
1 · π2 · 5

6

)
= 0.966. (4.1.9)

Finally, (4.1.7) is multiplied by a factor of 3
2 to calculate the amplitude of the fundamental wave of

the three phases acting on the air gap flux. This leads to:

B̂(1) = 3
2 · 4

π
· 1.07 Vs · 1

1 · 0.966 · 0.966 = 1.27 Vs. (4.1.10)

4.1.3 Determine the amplitudes of the resulting flux density for the fundamental wave and the follow-
ing six harmonic orders. Give the results as relative fractions to the amplitude of the fundamental
wave. In addition, calculate the distribution, pitch and winding factor for the given harmonics and
the fundamental wave.
Answer:
The flux density for the harmonic orders is calculated with (4.1.10). The pitch factors are determined
with (4.1.9) and the distribution factors with (4.1.8). The winding factor is given with:

ξw,k = ξd,kξp,k. (4.1.11)

For the calculation up to the 19th harmonic, a short Python script is written. The results are
visualized in Sol.-Tab. 4.1.
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Solution Table 4.1: Distribution, pitch, and winding factors as well as relative harmonic flux density
amplitudes.

k B̂(k)

B̂(1) in % ξp,k ξd,k ξw,k

1 100 0.966 0.966 0.966
5 1.4 0.259 0.259 0.067
7 1.0 0.259 0.259 0.067

11 9.1 0.966 0.966 0.933
13 7.7 0.966 0.966 0.933
17 0.4 0.259 0.259 0.067
19 0.38 0.259 0.259 0.067

4.1.4 Sketch the flux density of the fundamental wave in the air gap of phase a as a function of the
electrical stator circumference ϑel. Assume ia(t) = Is ·

√
2, i.e., the phase a is at its current peak. In

addition, draw the flux density of the 11th harmonic.
Answer:
The calculation is performed with (4.1.7) in a separate Python script. The resulting trajectories are
shown in Sol.-Fig. 4.1.1.

0 π
2 π 3π

2
2π

ϑel

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

B
in

T

fundamental

11th harmonic

Solution Figure 4.1.1: Visualization of the flux density of the fundamental wave and the 11th harmonic
of phase a.

Task 4.2: Distributed windings
Consider a 4-pole three-phase motor with 15 stator slots. A simplified sketch of this motor with the
winding scheme of phase a is shown in Fig. 4.2.1.

4.2.1 Determine the pole pitch ρp and the number of notches. Is it an integral-slot or a fractional-slot
winding?
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Figure 4.2.1: Simplified sketch of a distributed winding scheme. Only phase a is shown.

Answer:
The number of slots are shown in the figure, which leads to Q = 15. Furthermore, the number of
phases is given in the task, that is m = 3.
Hence, the pole pitch is calculated as:

ρp = 2π
2p = π

2 . (4.2.1)

The number of notches is defined with:

q = Q

2pm = 15
2 · 2 · 3 = 15

12 = 5
4 . (4.2.2)

Since the number of notches per pole and phase is not an integer, it is a fractional slot winding. The
coil width y is three stator slots, which leads to the angular coil width:

w = 2π
Q
m = 2π

15 · 3 = 2π
5 . (4.2.3)

Therefore, the chording factor is determined with:

s = w

τp
= 6π · 2

15π = 12
15 . (4.2.4)

4.2.2 Complete the winding scheme of the given machine in Tab. 4.2.1 for the phases b and c. Sketch
the resulting winding scheme into Fig. 4.2.1.
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Table 4.2.1: Winding scheme of the distributed winding from Fig. 4.2.1.

Coil nr. Phase a Phase b Phase c
In Out In Out In Out

1 1 4
2 8 5
3 8 11
4 9 12
5 15 12

Answer:
In the task only phase a of the winding scheme is given. However, to complete the winding scheme,
phase b must have an electrical phase shift of 120◦ and phase c of 240◦ respectively. This leads to

nbp
360◦

Q
= 120◦ mod 360◦, (4.2.5)

where nb is the displacement in slots. This expression is rewritten into

nbp
360◦

Q
= 120◦ + k360◦, (4.2.6)

and also for phase c:
ncp

360◦

Q
= 240◦ + k360◦. (4.2.7)

Now, an integral solution must be found for (4.2.6) and (4.2.7) to determine the winding scheme.
This is done with trial and error, the first assumption is nb = 10, k = 1, which results in

10 · 2 · 360◦

15 = 120◦ + 360◦,

480◦ = 480◦,
(4.2.8)

therefore, the requirement is fulfilled. For phase c the assumption is given with nc = 5, k = 0 into
(4.2.7)

5 · 2 · 360◦

15 = 240◦ + k360◦,

240◦ = 240◦,
(4.2.9)

which fulfills the requirement too. With the calculated phase shift and the knowledge of the coil
width of three slots from the figure, the winding scheme is completed. In Sol.-Tab. 4.2 the inputs
and outputs of each winding are given.
The sketch of the distributed winding scheme is visualized in Sol.-Fig. 4.2.1.
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Solution Table 4.2: Solution of the distributed winding scheme.

Coil nr. Phase a Phase b Phase c
In Out In Out In Out

1 1 4 11 14 6 9
2 8 5 3 15 13 10
3 8 11 3 6 13 1
4 9 12 4 7 14 2
5 15 12 10 7 5 2

Solution Figure 4.2.1: Solution of the distributed winding.

4.2.3 How many layers are there in this winding scheme?
Answer:
The winding diagram has 2 winding layers, due to the two conductors per slot.

4.2.4 Calculate the complex winding factors ξa,k for the fundamental as well as for the 5th and 7th

harmonic.
Answer:
The complex winding factor is defined by

ξa,k = 1
jNa

Q∑
i=1

Na,ie
jkϑel,a,i , (4.2.10)

with

Na =
Q∑
i=1

|Na,i|, (4.2.11)
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and the electrical angle:
ϑel,a,i = ϑa,i · p. (4.2.12)

The mechanical angles are calculated with

ϑa,i = (i− 1) 360◦

Q
= (i− 1) · 360◦

15 = (i− 1) · 24◦, (4.2.13)

where i represents the number of the stator slot. Therefore, the mechanical angles are given in
Sol.-Tab. 4.3.

Solution Table 4.3: Mechanical angles of the distributed winding from Fig. 4.2.1.

ϑa,1 = 0◦ ϑa,9 = 192◦

ϑa,4 = 72◦ ϑa,11 = 240◦

ϑa,5 = 96◦ ϑa,12 = 264◦

ϑa,8 = 168◦ ϑa,15 = 336◦

To calculate the winding factors, the total number of turns of the respective phase Na is determined
for each stator slot. A negative sign indicates, that the winding turn is oriented towards the negative
z-axis. When no conductor is in a slot, Na,i = 0. The result is shown in Sol.-Tab. 4.4.

Solution Table 4.4: Winding turns of phase a of the distributed winding.

Na1 = -1 Na4 = 1 Na5 = 1
Na8 = -2 Na9 = -1 Na11 = 1
Na12 = 2 Na15 = -1

For the fundamental wave k = 1 applies and, therefore, with (4.2.10), the winding factor of the
fundamental wave calculates as follows

ξa,1 = 1
10j · [ − ej·1·2·0◦ + ej·1·2·72◦ + ej·1·2·92◦ − 2ej·1·2·168◦ − ej·1·2·192◦ + ej·1·2·240◦

+ 2ej·1·2·264◦ − ej·1·2·336◦ ] = 0.2812 + 0.8653j,
(4.2.14)

with the corresponding absolute value:

|ξa,1| = 0.9099. (4.2.15)

For the 5th harmonic is k = 5, which results in

ξa,5 = 1
10j · [ − ej·5·2·0◦ + ej·5·2·72◦ + ej·5·2·92◦ − 2ej·5·2·168◦ − ej·5·2·192◦ + ej·5·2·240◦

+ 2ej·5·2·264◦ − ej·5·2·336◦ ] = 0,
(4.2.16)

with the corresponding absolute value:
|ξa,5| = 0. (4.2.17)
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The complex winding factor for the 7th harmonic results by

ξa,7 = 1
10j · [ − ej·7·2·0◦ + ej·7·2·72◦ + ej·7·2·92◦ − 2ej·7·2·168◦ − ej·7·2·192◦ + ej·7·2·240◦

+ 2ej·7·2·264◦ − ej·7·2·336◦ ] = 0.0711 − 0.0516j,
(4.2.18)

with the corresponding absolute value:

|ξa,7| = 0.087. (4.2.19)

4.2.5 Assume a block-shaped distribution of the flux density with a maximal value of B̂ = 1 T and a
number of winding turns N ′

a = 30 (i.e., there are more turns per coil as indicated within Fig. 4.2.1).
The axial length of the machine is l = 0.35 m and the diameter is ds = 0.10 m. The machine
rotates with a mechanical speed of n = 250 1

min . Calculate the induced voltage of phase a for the
fundamental wave as well as of the 5th and 7th harmonics.
Answer:
The Fourier coefficient of the flux density is given with

B(ϑel, t) = 6
πp
B̂

∞∑
k

1
k

sin
(
kπ

2

)
cos(ωt− kϑel), (4.2.20)

and for the fundamental wave:

B(1)(ϑel, t) = 6
πp
B̂ sin

(
π

2

)
cos(ωt− ϑel). (4.2.21)

The flux linkage of phase a is calculated as

ϕa,k(t) = l
ds

2 |ξa,k|
∫ π

2

− π
2

B(ϑel, t)dϑel, (4.2.22)

with the complex winding factor to cover the winding distribution inside the stator. Hence, the
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fundamental wave calculates as follows:

ϕa,1(t) = l
ds

2 |ξa,1|
6
πp
B̂ sin

(
π

2

) ∫ π
2

− π
2

cos(ωt− ϑel)dϑel

= lds|ξa,1|
3
πp
B̂
∫ π

2

− π
2

cos(ωt) cos(ϑel) + sin(ωt) sin(ϑel)dϑel

= lds|ξa,1|
3
πp
B̂

[
cos(ωt)

∫ π
2

− π
2

cos(ϑel)dϑel + sin(ωt)
∫ π

2

− π
2

sin(ϑel)dϑel

]

= lds|ξa,1|
3
πp
B̂
[
cos(ωt) [sin(ϑel)]

π
2
− π

2
+ sin(ωt) [− cos(ϑel)]

π
2
− π

2

]
= lds|ξa,1|

3
πp
B̂ [2 cos(ωt)]

= lds|ξa,1|
6
πp
B̂ cos(ωt).

(4.2.23)

Taking into account also the number of winding turns N ′
a, the flux linkage of phase a is given with

ψa,k(t) = N ′
aϕa,k(t), (4.2.24)

which results for the fundamental wave into:

ψa,1(t) = N ′
aϕa,k(t) = N ′

alds|ξa,1|
6
πp
B̂ cos(ωt)

= 30 · 0.35 m · 0.10 m · 6
2π · 1 T cos(ωt) · 0.9099

= 0.9123 Vs · cos(ωt).

(4.2.25)

The equation for the induced voltage of the fundamental wave is given with:

uind,a,1(t) = − d
dtψa,1

= − d
dt0.9123 Vs · cos(ωt)

= 0.9123 Vs · sin(ωt)ω

= 0.9123 Vs · sin(ωt) · 2π · 2 · 250
60

1
s

= 47.78 V · sin(ωt).

(4.2.26)

The flux linkage of the 5th harmonic is determined with (4.2.22), which results into

ϕa,5 = 0, (4.2.27)

due to |ξa,5| = 0. Therefore, the induced voltage results by:

uind,a,5 = 0. (4.2.28)
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With (4.2.22) the flux linkage for the 7th harmonic is calculated by:

ϕa,7(t) = l
ds

2 |ξa,7|
6
πp
B̂

1
7 sin

(7π
2

) ∫ π
2

− π
2

cos(ωt− 7ϑel)dϑel

...

= l
ds

2 |ξa,7|
6
πp
B̂

1
7 cos(ωt).

(4.2.29)

The resulting flux linkage is calculated by taking into account the number of winding turns as

ψa,7 = N ′
aϕa,7(t) = N ′

al
ds

2 |ξa,7|
6
πp
B̂

1
7 cos(ωt)

= 30 · 0.35 m · 10
2 m · 6

2π · 1 T · 1
7 · cos(ωt) · 0.087

= 0.0126 Vs · cos(ωt),

(4.2.30)

therefore, the induced voltage is given with:

uind,a,7(t) = − d
dtψa,7

= 0.0126 Vs · sin(ωt)ω

= 0.0126 Vs · sin(ωt) · 2π · 2 · 250
60

1
s

= 0.66 V · sin(ωt).

(4.2.31)

4.2.6 Write a Python script to calcualte the complex winding factor ξa,k up to various harmonics.
Answer:
The Python script is separately available, therefore, only the solution is presented in Tab 4.5.

Solution Table 4.5: Complex winding factor ξa,k up to the 12th harmonic order.

ξa,1 = 0.2812+0.8653j ξa,2 = -0.0486+0.0353j ξa,3 = 0.3078+0.2236j
ξa,4 = 0.0322-0.099j ξa,5 = 0 ξa,6 = -0.0727-0.2236j
ξa,7 = 0.0711-0.0516j ξa,8 = -0.0711-0.0516j ξa,9 = 0.0727-0.2236j
ξa,10 = 0 ξa,11 = -0.0322-0.099j ξa,12 = -0.3078+0.2236j

Task 4.3: Concentrated windings
Consider the shown 10-pole 3-phase motor with 12 stator slots in Fig. 4.3.1. The winding scheme of
phase a is shown in the figure.

4.3.1 Determine the pole pitch and und the number of notches. Is it an integral-slot or a fractional-slot
winding?
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Figure 4.3.1: Simplified sketch of a concentrated winding. Only phase a is shown.

Answer:
The number of slots is determined by counting the slots in the given figure of the machine. Hence,
the number of slots is Q = 12. The number of phases is given in the task, which is m=3. Therefore,
the pole pitch calculates as:

ρp = 2π
2p = π

5 . (4.3.1)

The number of notches is determined with:

q = Q

2pm = 12
2 · 5 · 3 = 2

5 . (4.3.2)

Since the number of notches per pole and phase is not an integer, it is a fractional slot winding. The
coil width y is one stator slot, as it is shown in the figure. This results in the angular coil width:

w = 2π
Q

= 2π
12 = π

6 . (4.3.3)

Hence, the chording factor is calculated by:

s = w

τp
= π · 5

6π = 5
6 . (4.3.4)

4.3.2 Complete Tab. 4.3.1 with the winding scheme for phases b and c. Sketch the resulting winding
scheme in Fig. 4.3.1.
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Table 4.3.1: Winding scheme of a concentrated winding from Fig. 4.3.1.

Coil nr. Phase a Phase b Phase c
In Out In Out In Out

1 1 2
2 1 12
3 7 6
4 7 8

Answer:
In the task only phase a of the winding scheme is given. However, to complete the winding scheme,
phase b must have an electrical phase shift of 120◦ and phase c of 240◦ respectively. This leads to

nbp
360◦

Q
= 120◦ mod 360◦, (4.3.5)

where nb is the displacement in slots. This expression is rewritten into

nbp
360◦

Q
= 120◦ + k360◦, (4.3.6)

and also for phase c:
ncp

360◦

Q
= 240◦ + k360◦. (4.3.7)

Now, an integral solution must be found for (4.3.6) and (4.3.7) to determine the winding scheme.
This is done with trial and error, the first assumption is nb = 8, k = 3, which results in

8 · 5 · 360◦

12 = 120◦ + 3 · 360◦,

1200◦ = 1200◦,
(4.3.8)

therefore, the requirement is fulfilled. For phase c the assumption is given with nc = 4, k = 1 into
(4.3.7) leads to

4 · 5 · 360◦

12 = 240◦ + k360◦,

600◦ = 600◦,
(4.3.9)

which fulfills the requirement too.
With the coil width of one slot, the resulting winding is determined. The solution of this winding
scheme is shown in Sol.-Tab. 4.6.
The completed winding scheme is visualized in Fig.4.3.1.
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Solution Table 4.6: Solution of the winding scheme of a concentrated winding.

Coil nr. Phase a Phase b Phase c
In Out In Out In Out

1 1 2 3 2 4 5
2 1 12 3 4 6 5
3 7 6 8 9 11 10
4 7 8 10 9 11 12

Solution Figure 4.3.1: Solution of the concentrated winding scheme.

4.3.3 How many layers are in this winding scheme?
Answer:
There are two layers per slot, therefore, it is a two layer winding scheme.

4.3.4 Calculate the complex winding factors ξa,k for the fundamental as well as for the 5th and 7th

harmonic.
Answer:
The complex winding factor is defined by

ξa,k = 1
jNa

Q∑
i=1

Na,ie
jkϑel,a,i , (4.3.10)

with

Na =
Q∑
i=1

|Na,i|, (4.3.11)

and the electrical angle:
ϑel,a,i = ϑa,i · p. (4.3.12)
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Hence, the mechanical angles are calculated as follows

ϑa,i = (i− 1) 360◦

Q
= (i− 1) · 360◦

12 = (i− 1) · 30◦, (4.3.13)

where i represents the number of the stator slot. Therefore, the mechanical angles are given in
Sol.-Tab. 4.7.

Solution Table 4.7: Mechanical angles of the concentrated winding from Fig. 4.3.1.

ϑa,1 = 0◦ ϑa,9 = 180◦

ϑa,4 = 30◦ ϑa,11 = 210◦

ϑa,5 = 150◦ ϑa,12 = 330◦

To calculate the winding factors, the total number of turns of the respective phase Na is determined
for each stator slot. A negative sign indicates, that the winding turn is oriented towards the negative
z-axis. When no conductor is in a slot, Na,i = 0. The result is shown in Sol.-Tab. 4.8.

Solution Table 4.8: Winding turns of phase a of the concentrated winding rom Fig. 4.3.1.

Na1 = 2 Na2 = -1 Na6 = 1
Na7 = -2 Na8 = 1 Na12 = -1

For the fundamental wave, is k = 1 and, therefore, with (4.3.10), the winding factor of the funda-
mental wave calculates as follows:

ξa,1 = 1
8j · [ 2ej·1·5·0◦ − ej·1·5·30◦ + ej·1·5·150◦ − 2ej·1·5·180◦ + ej·1·5·210◦ − ej·1·5·330◦ ] = −0.9330j, (4.3.14)

with the absolute value:
|ξa,1| = 0.9330. (4.3.15)

For the 5th harmonic is k = 5, which results in

ξa,5 = 1
8j · [ 2ej·5·5·0◦ − ej·5·5·30◦ + ej·5·5·150◦ − 2ej·5·5·180◦ + ej·5·5·210◦ − ej·5·5·330◦ ] = −0.067j, (4.3.16)

with the absolute value:
|ξa,5| = 0.067. (4.3.17)

Finally, the complex winding factor for the 7th harmonic is defined as

|ξa,7| = 1
8j · [ 2ej·7·5·0◦ − ej·7·5·30◦ + ej·7·5·150◦ − 2ej·7·5·180◦ + ej·7·5·210◦ − ej·7·5·330◦ ] = −0.067j, (4.3.18)

and, therefore, the absolute value results in:

|ξa,7| = 0.067. (4.3.19)
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4.3.5 Assume a block-shaped distribution of the flux density with a maximal value of B̂ = 1 T and a
number of winding turns N ′

a = 137. The axial length of the machine is l = 0.70 m and the diameter
is d = 0.45 m. The machine rotates with a mechanical speed of n = 50 1

min . Calculate the induced
voltage of phase a for the fundamental wave. What are the 5th and 7th harmonics of the induced
voltage in phase a?
Answer:
The Fourier coefficient of the flux density is given with

B(ϑel, t) = 6
πp
B̂

∞∑
k

1
k

sin
(
kπ

2

)
cos(ωt− kϑel), (4.3.20)

and for the fundamental wave:

B(1)(ϑel, t) = 6
πp
B̂ sin

(
π

2

)
cos(ωt− ϑel). (4.3.21)

The flux linkage of phase a is calculated as

ϕa,k(t) = l
ds

2 |ξa,k|
∫ π

2

− π
2

B(ϑel, t)dϑel, (4.3.22)

with the complex winding factor to cover the winding distribution inside the stator. Hence, the
fundamental wave calculates as follows:

ϕa,1(t) = l
ds

2 |ξa,1|
6
πp
B̂ sin

(
π

2

) ∫ π
2

− π
2

cos(ωt− ϑel)dϑel

= lds|ξa,1|
3
πp
B̂
∫ π

2

− π
2

cos(ωt) cos(ϑel) + sin(ωt) sin(ϑel)dϑel

= lds|ξa,1|
3
πp
B̂

[
cos(ωt)

∫ π
2

− π
2

cos(ϑel)dϑel + sin(ωt)
∫ π

2

− π
2

sin(ϑel)dϑel

]

= lds|ξa,1|
3
πp
B̂
[
cos(ωt) [sin(ϑel)]

π
2
− π

2
+ sin(ωt) [− cos(ϑel)]

π
2
− π

2

]
= lds|ξa,1|

3
πp
B̂ [2 cos(ωt)]

= lds|ξa,1|
6
πp
B̂ cos(ωt).

(4.3.23)

Taking into account also the number of winding turns N ′
a, the flux linkage of phase a is given with

ψa,k(t) = N ′
aϕa,k(t), (4.3.24)
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which results for the fundamental wave into:

ψa,1(t) = N ′
aϕa,k(t) = N ′

alds|ξa,1|
6
πp
B̂ cos(ωt)

= 137 · 0.7 m · 0.45 m · 6
5π · 1 T cos(ωt) · 0.9330

= 15.38 Vs · cos(ωt).

(4.3.25)

The equation for the induced voltage of the fundamental wave is given with:

uind,a,1(t) = − d
dtψa,1

= − d
dt15.38 Vs · cos(ωt)

= 15.38 Vs · sin(ωt)ω

= 15.38 Vs · sin(ωt) · 2π · 5 · 50
60

1
s

= 402.6 V · sin(ωt).

(4.3.26)

The flux linkage of the 5th harmonic is determined with (4.3.22), which results into:

ϕa,5(t) = l
ds

2 |ξa,5|
6
πp
B̂

1
5 sin

(5π
2

) ∫ π
2

− π
2

cos(ωt− 5ϑel)dϑel

...

= l
ds

2 |ξa,5|
6
πp
B̂

1
5 cos(ωt).

(4.3.27)

The resulting flux linkage is calculated by taking into account the number of winding turns as

ψa,5 = N ′
aϕa,5(t) = N ′

al
ds

2 |ξa,5|
6
πp
B̂

1
5 cos(ωt)

= 137 · 0.7 m · 0.45
2 m · 6

5π · 1 T · 1
5 · cos(ωt) · 0.0067

= 0.2208 Vs · cos(ωt),

(4.3.28)

therefore, the induced voltage is given with:

uind,a,5(t) = − d
dtψa,5

= 0.2208 Vs · sin(ωt)ω

= 0.2208 Vs · 2π · 5 · 50
60

1
s

= 5.78 V · sin(ωt).

(4.3.29)
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With (4.2.22) the flux linkage for the 7th harmonic is calculated by:

ϕa,7(t) = l
ds

2 |ξa,7|
6
πp
B̂

1
7 sin

(7π
2

) ∫ π
2

− π
2

cos(ωt− 7ϑel)dϑel

...

= l
ds

2 |ξa,7|
6
πp
B̂

1
7 cos(ωt).

(4.3.30)

The resulting flux linkage is calculated by taking into account the number of winding turns as

ψa,7 = N ′
aϕa,7(t) = N ′

al
ds

2 |ξa,7|
6
πp
B̂

1
7 cos(ωt)

= 137 · 0.7 m · 45
2 m · 6

5π · 1 T · 1
7 · cos(ωt) · 0.067

= 0.0156 Vs · cos(ωt),

(4.3.31)

therefore, the induced voltage is given with:

uind,a,7(t) = − d
dtψa,7

= 0.0156 Vs · sin(ωt)ω

= 0.0156 Vs · 2π · 5 · 50
60

1
s

= 4.13 V.

(4.3.32)

4.3.6 Calcualte with a Python script the complex winding factor ξa,k up to various harmonics.
Answer:
The Python script is separately available, therefore, only the solution is presented in Tab 4.9.

Solution Table 4.9: Complex winding factors ξa,k for the concentrated winding up to the 12th harmonic
order.

ξa,1 = -0.9330j ξa,2 = 0 ξa,3 = -0.5j ξa,4 = 0
ξa,5 = -0.0670j ξa,6 = 0 ξa,7 = -0.0670j ξa,8 = 0
ξa,9 = -0.5j ξa,10 = 0 ξa,11 = -0.9330j ξa,12 = 0
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Exercise 05: Transient and steady state of an induction machine

Acknowledgement: The following exercise is adapted from “Geregelte Drehstromantriebe / Con-
trolled AC Drives” by J. Böcker, Paderborn University, 2021

Task 5.1: Transient simulation of an induction machine
Given is a squirrel cage motor with the characteristics in Tab. 5.1.1. The motor is operated with the
stator frequency fs = 50 Hz and a line-to-line voltage of Ull = 400 V, that is, connected to grid.

Table 5.1.1: Characteristics of the induction machine.

Symbol Description Value
Tn Nominal torque 4.7 Nm
In Nominal phase current 3.9 A
Pn Nominal power 1.5 kW
nn Nominal speed 3000 1

min

5.1.1 Determine the equations of the induction machine in the rotor flux oriented coordinate system.
Therefore, only the stator current is,dq(t) and the rotor flux ψr,d(t) should occur as state variables.
Answer:
The stator equations in the k coordinate system from the lecture are defined by:

d
dtψ

k
s,d(t) = ωk,elψ

k
s,q(t) + uk

s,d(t) −Rsi
k
s,d(t), (5.1.1)

d
dtψ

k
s,q(t) = −ωk,elψ

k
s,d(t) + uk

s,q(t) −Rsi
k
s,q(t). (5.1.2)

The rotor equations in the k coordinate system are defined as:

d
dtψ

k
r,d(t) = (ωk,el(t) − ωr,el(t))ψk

r,q(t) + uk
r,d(t) −Rri

k
r,d(t), (5.1.3)

d
dtψ

k
r,q(t) = −(ωk,el(t) − ωr,el(t))ψk

r,d(t) + uk
r,q(t) −Rri

k
r,q(t). (5.1.4)

For the further consideration, only the stator current and the rotor flux are of interest as state
variables. Therefore, the rotor current and stator flux are being eliminated with the help of the
following equations

ir,d(t) = 1
Lr
ψr,d(t) − Mr

Lr
is,d(t),

ir,q(t) = 1
Lr
ψr,q(t) − Mr

Lr
is,q(t),

(5.1.5)
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and:

ψs,d(t) = σLsis,d(t) + Ms

Lr
ψr,d(t),

ψs,q(t) = σLsis,q(t) + Ms

Lr
ψr,q(t).

(5.1.6)

These equations are derived from the magnetic circuit of the induction machine.
The rotor current from (5.1.5) is inserted in the rotor equation (5.1.3). In addition, the coordinate
system is aligned with the rotor flux. This results in the following equation for the d-axis:

d
dtψr,d(t) = (ωk,el(t) − ωr,el(t))ψr,q(t) + ur,d(t) −Rr

( 1
Lr
ψr,d(t) − Mr

Lr
is,d(t)

)
. (5.1.7)

Within the rotor flux-oriented coordinate system, only a flux in d-axis occurs, therefore, the equation
can be simplified into

d
dtψr,d = ur,d(t) − Rr

Lr
ψr,d(t) + RrMr

Lr
is,d(t), (5.1.8)

and due to the squirrel cage machine the rotor voltage is zero. This leads to:

d
dtψr,d = −Rr

Lr
ψr,d(t) + RrMr

Lr
is,d(t). (5.1.9)

For the q-axis, the rotor current form (5.1.5) is also used in the rotor flux differential equation. This
leads to:

d
dtψr,q(t) = −(ωk,el(t) − ωr,el(t))ψr,d(t) + ur,q(t) −Rr

( 1
Lr
ψr,q(t) − Mr

Lr
is,q(t)

)
, (5.1.10)

and with the definition for ψr,q(t) = 0:

d
dtψr,q(t) = 0 = −(ωk,el(t) − ωr,el(t))ψr,d(t) + ur,q(t) +Rr

Mr

Lr
is,q(t). (5.1.11)

Due to the squirrel cage motor type, the rotor voltage is zero. However, the slip frequency is
determined from this equation as follows:

(ωk,el(t) − ωr,el(t)) = Rr
Mr

Lr

is,q(t)
ψr,d(t) . (5.1.12)

In the next step, the stator flux is eliminated in (5.1.1). Therefore, (5.1.6) is used as follows

σLs
d
dtis,d(t) + Ms

Lr

d
dtψr,d(t) = ωk,el(t)

(
σLsis,q(t) + Ms

Lr
ψr,q(t)

)
+ us,d(t) −Rsis,d(t), (5.1.13)

with the derivative of the previous determined rotor flux

σLs
d
dtis,d(t) + Ms

Lr

(
ur,d(t) − Rr

Lr
ψr,d(t) + RrMr

Lr
is,d(t)

)
= ωk,elσLsis,q(t) + us,d(t) −Rsis,d(t), (5.1.14)
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which leads to:

d
dtis,d(t) = 1

σLs

[
−Ms

Lr
ur,d(t) + ψr,d(t)MsRr

L2
r

+ ωk,el(t)σLsis,q(t) + us,d(t) + is,d(t)
(

−RrM
2
s

L2
r

−Rs

)]
.

(5.1.15)

Again, eliminate the stator flux in the ode with (5.1.6) for the q-axis, which leads to

σLs
d
dtis,q(t) + Ms

Lr

d
dtψr,q(t) = −ωk,el(t)ψs,d(t) + us,q(t) −Rsis,q(t), (5.1.16)

with ψr,q = 0 and the derivative d
dtψr,q = 0, the equation results in:

σLs
d
dtis,q(t) = −ωk,el(t)ψs,d(t) + us,q(t) −Rsir,q(t). (5.1.17)

Hence, the ODEs for the stator currents and the rotor flux are given in the following. It starts with
the d-current component, which is given with:

d
dtis,d(t) = 1

σLs

[
−Ms

Lr
ur,d(t) + ψr,d(t)MsRr

L2
r

+ ωk,el(t)σLsis,q(t) + us,d(t) + is,d(t)
(

−RrM
2
s

L2
r

−Rs

)]
,

(5.1.18)

for the stator q-current

d
dtis,q(t) = 1

σLs
[−ωk,el(t)ψs,d(t) + us,q(t) −Rsir,q(t)] , (5.1.19)

and the rotor flux in the d-axis:

d
dtψr,d = −Rr

Lr
ψr,d(t) + RrMr

Lr
is,d(t). (5.1.20)

To simulate the induction machine, also the mechanical part must be taken into account. Hence, the
mechanical equation is given by

J
d
dtωr,el(t) = T (t) − Tl(t), (5.1.21)

where T (t) represents the produced torque and Tl(t) is the load torque. This leads to

d
dtωr,el(t) = 1

J
(T (t) − Tl(t)) , (5.1.22)

where T (t) is defined as
T (t) = −3

2p
(
ikr,dq(t)

)⊤
Jψk

r,dq(t), (5.1.23)

57



Electrical Machines and Drives
Prof. Dr.-Ing. Oliver Wallscheid IAS Interconnected 

Automation Systems

which results in the rotor oriented coordinate system into:

T (t) = 3
2pir,d(t)ψr,q(t) − 3

2pir,q(t)ψr,d(t). (5.1.24)

The first part from the equation above is zero, due to the definition of the coordinate system. The
rotor current is replaced with (5.1.5), that leads to:

T (t) = −3
2p
( 1
Lr
ψr,q(t) − Mr

Lr
is,q(t)

)
ψr,d(t)

= 3
2
Mr

Lr
is,q(t)ψr,d(t).

(5.1.25)

5.1.2 Write a Jupyter notebook to solve the derived equations in the dq coordinate system aligned
to the rotor flux from the previous task. First, simulate the machine with no load. Analyze the
transient motor response starting from the initial state id(t = 0) = iq(t = 0) = ψd(t = 0) = ωel(t =
0) = ϵel(t = 0) = 0 when excited with the above-mentioned stator voltage. Simulate as well as
visualize the torque, speed, flux and current responses and plot the latter two in abc, αβ and dq
coordinates.
Answer:
The current in the dq coordinate system is shown in Sol.-Fig. 5.1.1. After the steady state is reached,
the current values are constant, which could be expected in the rotor flux-oriented coordinate system.

0.0 0.1 0.2 0.3 0.4 0.5
t in s

25

0

25

i d
q i

n 
A

id iq

Solution Figure 5.1.1: Transient process of an IM in the dq coordinate system.

In Sol.-Fig. 5.1.2 the current in the α,β coordinate system is visualized. The transient process is
also clearly visible in this coordinate system.
Sol.-Fig. 5.1.3 shows the transient process of the current in the three-phase abc coordinate system.
Compared to the abc current plot, one can observe also a sinusoidal signalform with the same
amplitude and frequency evolution, while the phase difference between the currents is 120° in abc and
90° in αβ. This fits to the expectations resulting from the amplitude-invariant Clarke transformation.

The electrical angular frequency of the stator and the angular frequency of the rotor are shown in
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Solution Figure 5.1.2: Transient process of an IM in the αβ coordinate system.

0.0 0.1 0.2 0.3 0.4 0.5
t in s

25

0

25

i ab
c i

n 
A

ia ib ic

Solution Figure 5.1.3: Transient process of an IM in the abc coordinate system.

Sol.-Fig. 5.1.4. Due to the no load operation (also no friction) of the IM, the angular frequency of
the rotor is equal to the angular electrical stator frequency.
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Solution Figure 5.1.4: Electric angular frequency of the stator and angular frequency of the rotor
during the transient process at no load.

The produced torque is shown in Sol.-Fig. 5.1.5. During the transient process, very high torque
values are reached and an oscillation of the rotor is visible. In the steady state, the torque is equal
to zero, due to the no-load operation.
In Sol.-Fig. 5.1.6 the rotor flux is shown, which also shows the transient process. The d-axis of the
coordinate system is oriented on the rotor flux and, therefore, the flux aligned to the q-axis is zero.
Thus, only the rotor flux aligned to the d-axis is visualized.
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Solution Figure 5.1.5: Produced torque of an IM during the transient process at no load.
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Solution Figure 5.1.6: Rotor flux in dq coordinate system during the transient process at no load.
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Solution Figure 5.1.7: Rotor flux in αβ coordinate system during the transient process at no load.
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Solution Figure 5.1.8: Rotor flux in abc coordinate system during the transient process at no load.
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5.1.3 Add a speed dependent load with the following equation Tl = 0.00004 ∗ ω2
r,el to the machine

model. Repeat the simulation from the previous task. How does the currents, torque and flux
change? In addition, how changes the rotational speed of the machine between these two operating
points?
Answer:
In Sol.-Fig. 5.1.9 the speed of the stator and rotor field is visualized. For this simulation a load term
representing the friction is added, thus this load is speed dependent. Hence, this results in a different
speed of the rotor in the steady state in comparison to the stator field. This occurs due to the load
of the machine, and is representing with the slip of the machine.
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Solution Figure 5.1.9: Electrical angular frequency of the stator and angular frequency of the rotor
during the transient process with a speed dependent load.

To highlight the difference between the stator and rotor field, in Sol.-Fig. 5.1.10 the boundaries of
the vertical axis are limited. Hence, the speed difference in the steady state is clearly visible.

0.0 0.1 0.2 0.3 0.4 0.5
t in s

300

310

320

 in
 1

/s

r, el s

Solution Figure 5.1.10: Zoom into the electrical angular frequency of the stator and angular frequency
of the rotor to visualize the difference in the steady state.

The produced torque during the transient process is shown in Sol.-Fig. 5.1.11. Sol.-Fig. 5.1.12 shows
a zoomed version of the produced torque to highlight the torque in the steady state.
In Sol.-Fig. 5.1.13 the currents in the dq coordinate system are visualized. Due to the load and, thus,
the generated torque, the current iq is no longer zero in the steady state.
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Solution Figure 5.1.11: Produced torque of an IM during the transient process and in the steady-
state operation with a speed-dependent load.
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Solution Figure 5.1.12: Produced torque of an IM during the transient process and in the steady-
state operation with a speed-dependent load.
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Solution Figure 5.1.13: Currents in dq coordinate system of an IM during the transient process and
in the steady-state operation with a speed-dependent load.
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Solution Figure 5.1.14: Currents in αβ coordinate system of an IM during the transient process and
in the steady-state operation with a speed-dependent load.
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Solution Figure 5.1.15: Currents in abc coordinate system of an IM during the transient process and
in the steady-state operation with a speed-dependent load.
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Solution Figure 5.1.16: Rotor flux linkage in dq coordinate system of an IM during the transient
process and in the steady-state operation with a speed-dependent load.
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Solution Figure 5.1.17: Rotor flux linkage in αβ coordinate system of an IM during the transient
process and in the steady-state operation with a speed-dependent load.
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Solution Figure 5.1.18: Rotor flux linkage in abc coordinate system of an IM during the transient
process and in the steady-state operation with a speed-dependent load.
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Task 5.2: Steady-state operation of an induction machine
An induction machine with the characteristics in Tab. 5.2.1 is given.

Table 5.2.1: Characteristics of the given induction machine.

Symbol Description Values
Un Nominal voltage 380 V
In Nominal phase current 54 A
fs,n Nominal frequency 50 Hz
Pn Nominal power 25 kW
nn Nominal speed 1465 1

min
cos(φ) Power factor 0.77
Rs Stator resistance 0.48 Ω
R′

r Rotor resistance 85 mΩ
M Mutual inductance 100 mH
Lσ,s Stator leakage inductance 2 mH
L′
σ,r Rotor leakage inductance 2 mH

5.2.1 Determine the amplitude of the complex AC voltage Û and current phasor Î.
Answer:
The amplitude of the line-to-line voltage is given with

Û =
√

2 · 380 V = 537.4 V, (5.2.1)

and, therefore, the amplitude of the phase-to-star-point voltage is defined as:

Ûstar = 380 V√
3

·
√

2 = 310.9 V. (5.2.2)

Furthermore, the current amplitude is defined by:

Î =
√

2I =
√

2 · 54 A = 76.4 A. (5.2.3)

5.2.2 Determine the number of pole pairs p.
Answer:
The stator frequency is given with fs = 50 Hz, which leads to the synchronous rotational speed of
the electrical frequency as follows:

nsyn,el = 50 Hz · 60 s
min = 3000 1

min . (5.2.4)

The nominal speed is given with nn = 1465 1
min , which is associated with a synchronous speed of

nsyn,mech = 1500 1
min .

65



Electrical Machines and Drives
Prof. Dr.-Ing. Oliver Wallscheid IAS Interconnected 

Automation Systems

Therefore, the number of pole pairs is defined with:

p = nsyn,el

nsyn,mech
=

3000 1
min

1500 1
min

= 2. (5.2.5)

5.2.3 Calculate the rated slip sn. Which slip occurs at an ideal no-load operation (no firction)?
Answer:
The slip is calculated by:

sn = ωslip,n

ωs
= ωs − pωr

ωs
=

2π · 3000
60

1
s − 2 · 2π · 1465

60
1
s

2π · 3000
60

1
s

= 0.023, (5.2.6)

where ωr is the rotor speed. At an ideal no-load operation (also no friction), the rotor has the same
speed as the stator field and, therefore, s = 0.

5.2.4 Calculate the apparent, the reactive and the electrical power. In addition, determine the
efficiency ηn for the rated operating point.
Answer:
The apparent power is calculated with

S =
√

3UI =
√

3 · 380 V · 54 A = 35.541 kVA, (5.2.7)

and, the electrical power is determined with the power factor in the task as follows:

Pel,n =
√

3UI cos(φ) =
√

3 · 380 V · 54 A · 0.77 = 27.367 kW. (5.2.8)

The angle of the phase shift is calculated by:

φ = cos−1(0.77) = 39.6◦. (5.2.9)

Hence, the reactive power yields:

Q =
√

3UI sin(φ) =
√

3 · 380 V · 54 A · sin(39.6◦) = 22.655 kVA. (5.2.10)

The efficiency results as:
ηn = Pmech,n

Pel,n
= 25 kW

27.367 kW = 0.914. (5.2.11)

5.2.5 Determine the nominal torque generated by the induction machine.
Answer:
The torque is calculated as:

Tn = Pmech

ωmech
= 25 kW

2π · 1465
60

1
s

= 163 Nm. (5.2.12)
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5.2.6 Calculate the starting T0 and the maximum torque Tmax. For the latter determine first the slip
smax at the operating point with the maximum torque.
Answer:
The slip at the maximum torque operating point is defined by

smax = R′
r

σ
(
L′
σ,r +M

)
ωs

= 85 mΩ
0.038 · (2 mH + 100 mH) · 2π · 50 1

s
= 0.068, (5.2.13)

with the leakage coefficient:

σ = 1 − M2

(M + Lσ,s)(M + L′
σ,r)

= 1 − (100 mH)2

(102 mH) · (102 mH)
= 0.038.

(5.2.14)

Hence, the maximum torque is calculated with:

Tmax = 3
2p
U2

s
ω2

s

M2

σ (Lσ,s +M)2
(
L′
σ,r +M

)
= 3

2 · 2 ·
380 V√

3(
2π · 50 1

s

)2 · 100 mH
0.038 · (102 mH)2 · (102 mH)

= 355 Nm.

(5.2.15)

The starting torque is determined as follows:

T0 = Tmax
2smax

1 + s2
max

= 355 Nm · 2 · 0.068
1 + 0.0682 = 48.3 Nm. (5.2.16)

5.2.7 Determine the stator currents Is,dq, and, in addition, the induced rotor currents Ir,dq.
Answer:
Derived from the lecture notes, the stator currents are calculated as follows:

Is,d = Us

ωs

σ2ω2
slip (Lσ,s +M)

(
L′
σ,r +M

)3
+
(
L′
σ,r +M

)
(Lσ,s +M) (R′

r)
2 −M2 (R′

r)
2

σ (Lσ,s +M)2
(
L′
σ,r +M

)
ωslip

(
σ2ω2

slip

(
L′
σ,r +M

)2
+ (R′

r)
2
)

= 3.3 A,

(5.2.17)

Is,q = Us

ωs

M2

σ (Lσ,s +M)2
(
L′
σ,r +M

) 1
ωslip
ωmax

+ ωmax
ωslip

= 51.8 A. (5.2.18)
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The rotor currents are calculated as follows:

Ir,d = −Us
Ms

(Lσ,s +M)R′
r

1
ωslip
ωmax

+ ωmax
ωslip

= −18.06 A, (5.2.19)

Ir,q = −Us

ωs

M

σ (Lσ,s +M)
(
L′
σ,r +M

) 1
ωslip
ωmax

+ ωmax
ωslip

= −52.9 A. (5.2.20)

5.2.8 Calculate the losses in the stator winding and in the rotor.
Answer:
The stator current is determined by

Is,dq =
√
I2

s,d + I2
s,q =

√
(3.3 A)2 + (51.8 A)2 = 51.9 A, (5.2.21)

which results to the stator winding losses as follows:

Pl,stator = 3
2I

2
s,dqRs = 3

2 · (51.9 A)2 · 0.48 Ω = 1939.4 W. (5.2.22)

The rotor current is calculated in the same way. This leads to

Ir,dq =
√
I2

r,d + I2
r,q =

√
(−18.1 A)2 + (−52.9 A)2 = 55.9 A, (5.2.23)

and the ohmic rotor losses are calculated with:

Pl,rotor = 3
2I

2
r,dqR

′
r = 3

2 · (55.9 A)2 · 85 mΩ = 398.4 W. (5.2.24)

5.2.9 Draw the space vector diagram for the operation under rated conditions including the vectors
us, is, ψs and d

dtψs. Assume that the current vector is is oriented along the x-axis of the Cartesian
coordinate system.
Answer:
The current is aligned with the x-axis of the Cartesian coordinate system. Therefore, the current is
given with:

is =
√

2Iej0◦ = 76.37 A · ej0◦
. (5.2.25)

The angle shift between the voltage and current is calculated by

φui = 39.65◦, (5.2.26)

therefore, the voltage is defined as follows:

us =
√

2Uejφui = 310.27 V · ej39.65◦ = 238.89 V + j197.98 V. (5.2.27)
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Solution Figure 5.2.1: Resulting vector diagram of the induction machine in steady state. The scala
for the voltage is 1 cm =̂ 100 V, for the flux linkage 1 cm =̂ 1 Vs and for the current 1 cm =̂ 10 A.

The stator resistance Rs is given in the task. Hence, the voltage equation is defined as:

us = Rsis + d
dtψs. (5.2.28)

Rearranging leads to:

d
dtψs = us −Rsis

= 238.89 V + j197.98 V − 0.48 Ω · 76.37 A
= 202.23 V + j197.98 V
= 283 V · ej44.4◦

.

(5.2.29)

The stator flux vector is defined as
ψs(t) = ψs(t) · ejφs(t), (5.2.30)

and the differentiation (under consideration of the product rule) results in:

d
dtψs(t) = d

dtψs(t) · ejφs(t) + jωφs · ψs(t). (5.2.31)

Due to the steady state, the change of the flux amplitude
(

d
dtψ(t)

)
is zero. The flux vector rotates

with the speed ω, therefore, the flux vector is determined as follows:

ψs(t) = 283 V · ej44.4◦

314.16 1
s · ej90◦ = 0.90 Vs · e−j45.6◦

. (5.2.32)
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Exercise 06: Synchronous machines

Acknowledgement: Parts of the following exercise are adapted from “Elektrische Antriebstechnik”
by J. Böcker, Paderborn University, 2020

Task 6.1: Transient simulation of a salient pole synchronous machine
Given is a salient pole synchronous machine with the parameters in Tab. 6.1.1.

Table 6.1.1: Parameters of the salient synchronous machine.

Symbol Description Value
Rs Stator resistance 0.0196 Ω
Rf Field winding resistance 54.7 Ω
Ls,d Stator inductance d-axis 2.7 mH
Ls,q Stator inductance q-axis 1.3 mH
Lf Self field inductance 20.3 mH
Mfs Mutual inductance 92.8 mH
In Nominal stator current 450 A
If,n Nominal field current 7.854 A

6.1.1 Calculate the transient response for idq and if if a short circuit occurs at the running machine.
Assume id0 = iq0 = 0, if0 = if,n for t = 0 and a fixed rotational speed ωr,el. Assume further that the
ohmic stator resistance can be neglected for the short-term transient response.
Answer:
The machine model is defined as

d
dt


is,d(t)
is,q(t)
if(t)

 =


−Lf/γ 0 Mfs/γ

0 1/Ls,q 0
Mfs/γ 0 −Ls,d/γ




us,d(t)
us,q(t)
uf(t)

−


Rs 0 0
0 Rs 0
0 0 Rf



is,d(t)
is,q(t)
if(t)

−


0 −ωr,el(t) 0

ωr,el(t) 0 0
0 0 0



ψs,d(t)
ψs,q(t)
ψf(t)


 ,

(6.1.1)

with the parameter
γ = M2

fs − Ls,dLf , (6.1.2)

and the flux linkages 
ψs,d(t)
ψs,q(t)
ψf(t)

 =


Ls,d 0 Mfs

0 Ls,q 0
Mfs 0 Lf



is,d(t)
is,q(t)
if(t)

 . (6.1.3)

With the assumption of a constant speed (ωr,el(t) = ωr,el), the general machine model from (6.1.1) is
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rewritten as follows:

d
dt


is,d(t)
is,q(t)
if(t)

 =


LfRs/γ −LfLs,qωr,el/γ −MfsRf/γ

−Ls,dωr,el/Ls,q −Rs/Ls,q −Mfsωr,el/Ls,q

−MfsRs/γ MfsLs,qωr,el/γ Ls,dRf/γ



is,d(t)
is,q(t)
if(t)



+


−Lf/γ 0 Mfs/γ

0 1/Ls,q 0
Mfs/γ 0 −Ls,d/γ



us,d(t)
us,q(t)
uf(t)

 .
(6.1.4)

The exact system response is calculated with:

x(t) = Φ(t, t0)x0 +
∫ t

t0
Φ(t, τ)Bu(τ)dτ, (6.1.5)

with
x0 = x(t0), (6.1.6)

and,
Φ(t, t0) = eA(t−t0). (6.1.7)

To calculate the transient system response without damping, the resistances are assumed to be zero.
Hence, the equation is simplifies to:

d
dt


is,d(t)
is,q(t)
if(t)


︸ ︷︷ ︸

d
dt
x(t)

=


0 −LfLs,qωr,el/γ 0

−Ls,dωr,el/Ls,q 0 −Mfsωr,el/Ls,q

0 MfsLs,qωr,el/γ 0


︸ ︷︷ ︸

A


is,d(t)
is,q(t)
if(t)


︸ ︷︷ ︸

x(t)

+


−Lf/γ 0 Mfs/γ

0 1/Ls,q 0
Mfs/γ 0 −Ls,d/γ


︸ ︷︷ ︸

B


us,d(t)
us,q(t)
uf(t)


︸ ︷︷ ︸

u(t)

.

(6.1.8)

The eigenvalues of A are determined by:

det




λ LfLs,qωr,el/γ 0
Ls,dωr,el/Ls,q λ Mfsωr,el/Ls,q

0 −MfsLs,qωr,el/γ λ


 = 0

= λ3 +
Mfsω

2
r,el

γ
λ−

LfLs,dω
2
r,el

λ
γ

= λ

(
λ2 +

ω2
r,el

γ
M2

fs − LfLs,d

)
.

(6.1.9)

This results in the following eigenvalues, λ1,2,3 = {+jωr,el,−jωr,el, 0}.
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The following transition matrix results from the calculated eigenvalues

Φ(t, t0) = eA(t−t0) = Pdiag
(
eλ1(t−t0), ..., eλn(t−t0)

)
P−1, (6.1.10)

with P and P−1 holding the left and right eigenvectors of A leading to

Φ(t, t0) =


−Mfs
Ls,d

−Lf
Mfs

−Lf
Mfs

0 −jγ
(Ls,dMfs)

jγ
(Ls,qMfs)

1 1 1



e0(t−t0) 0 0

0 e−jωr,el(t−t0) 0
0 0 ejωr,el(t−t0)




−MfsLs,d
γ

0 −LfLs,d
γ

MfsLs,d
2γ

jLs,qMfs
2γ

M2
fs

2γ
MfsLs,d

2γ
−jLs,qMfs

2γ
M2

fs
2γ



=


M2

fs−Ls,dLf cos((t−t0)ωr,el
γ

−Ls,qLf sin((t−t0)ωr,el)
γ

−LfMfs(cos((t−t0)ωr,el)−1)
γ

−Ls,d sin((t−t0)ωr,el)
Ls,q

cos((t− t0)ωr,el) −Mfs sin((t−t0)ωr,el)
Ls,q

Ls,dMfs(cos((t−t0)ωr,el)−1)
γ

Ls,qMfs cos((t−t0)ωr,el)
γ

M2
fs cos((t−t0)ωr,el)−Ls,dLf

γ

 .

(6.1.11)

In the task, the short circuit case of the machine is given, therefore, the input voltage is zero, which
leads to 

is,d(t)
is,q(t)
if(t)

 = x(t) = Φ(t, t0)x0 +
∫ t

t0
Φ(t, τ)Bu(τ)dτ︸ ︷︷ ︸

0

, (6.1.12)

and the given assumption for the initial states:

x0 =


0
0
if,0

 . (6.1.13)

This results into the analytical solution:

is,d(t)
is,q(t)
if(t)

 =


M2

fs−Ls,dLf cos(tωr,el)
γ

−Ls,qLf sin(tωr,el)
γ

−LfMfs(cos(tωr,el)−1)
γ

−Ls,d sin(tωr,el)
Ls,q

cos(tωr,el) −Mfs sin(tωr,el)
Ls,q

Ls,dMfs(cos(tωr,el)−1)
γ

Ls,qMfs cos(tωr,el)
γ

M2
fs cos(tωr,el)−Ls,dLf

γ




0
0
if0



=


−LfMfs(cos(tωr,el)−1)

γ
−Mfs sin(tωr,el)

Ls,q
M2

fs cos(tωr,el)−Ls,dLf
γ

 if0.
(6.1.14)

6.1.2 Determine the maximum current |is,dq| for this scenario.
Answer:
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The quadratic current amplitude is given with:

i2s,dq(t) = i2s,d(t) + i2s,q(t) = i2f0M
2
fs

(
L2

f
γ2 (cos(tωr,el) − 1)2 + 1

L2
s,q

sin(tωr,el)2
)
. (6.1.15)

To determine the maximum current, the first derivative is calculated and set to zero, which is given
as:

d
dti

2
s,dq(t) = if0M

2
fsωr,el

(
−2L

2
f
γ2 sin(tωr,el)(cos(tωr,el) − 1) + 1

L2
s,q

cos(tωr,el) sin(tωr,el)
)

︸ ︷︷ ︸
t∗dq

= 0. (6.1.16)

In the next step, the value of t∗dq is determined, so that the expression inside the brackets is zero.
Hence, the maximum t∗dq is calculated with:

t∗dq = arg max
t
is,dq(t) = 1

ωr,el
acos

(
L2

fL
2
s,q

L2
fL

2
s,q − γ2

)
+ 2π
ωr,el

i, (6.1.17)

for i = 0,1,2,... . This leads to the maximum current amplitude of:

is,dq = if0Mfs|γ|
Ls,q

√
γ2 − L2

fL
2
s,q

= 683 A. (6.1.18)

6.1.3 Write a Jupyter notebook to simulate the short transient response of the machine under the
same initial conditions using an ODE solver. Compare the result including the impact of the stator
resistance with the simplified analytical solution from the previous task. The simulation configuration
is given in Tab. 6.1.2.

Table 6.1.2: Configuration of the simulation.

Symbol Description Value
Tsim Simulation time 0.05 s
εm,0 Start angle of the rotor 0◦

ωm,0 Start speed of the rotor 628.3 1
s

Answer:
Beside the stator current ODEs, the mechanical system of the machine must be considered, therefore,
the generated torque is calculated with

T (t) = 3
2p (Mfsif(t) + (Ls,d − Ls,q) is,q(t)is,d(t)) , (6.1.19)
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and the mechanical equation is defined as follows:

d
dtω(t) = p

J
(T (t) − Tl(t)) . (6.1.20)

The relationship between the angle and the rotational speed is given by:

d
dtε(t) = ω(t). (6.1.21)

In Sol.-Fig. 6.1.1 a comparison between the analytical and the numerical solution of is shown. The
currents are initialized with the same values at t = 0. The trajectories of the analytical and the
numerical current values are identical, except that a damping behavior is visible in the numerical
solution. This results from the consideration of the winding resistances in the numerical solution, in
comparison to the simplified analytical one.

0.00 0.01 0.02 0.03 0.04 0.05
t in s

500

0

500

1000

i d
q i

n 
A

id iq id, analytical iq, analytical

Solution Figure 6.1.1: Transient process of idq of a salient synchronous machine with a stator and
field winding short circuit.

The trajectories of the field current if are visualized in Sol.-Fig. 6.1.2. The behavior of this two
trajectories are identical, except to the damping in the numerical solution, due to the considered
winding resistance.

0.00 0.01 0.02 0.03 0.04 0.05
t in s

2.5

5.0

7.5

10.0

i f 
in

 A

if if, analytical

Solution Figure 6.1.2: Transient process of the field current if of a salient synchronous machine with
a stator and field winding short circuit.

6.1.4 Add a load with the following characteristic Tl(t) = 0.0001 · ω2
r (t) to the existing simulation.

Repeat the simulation with the same initial conditions as in the task before. Extend the simulation
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time to Tsim = 0.5 s and plot the currents id(t), if(t), the angular frequency of the rotor ωr,el(t) and
the torque T (t).
Answer:
The resulting currents for the new operating point are shown in Sol.-Fig. 6.1.3.

0.0 0.1 0.2 0.3 0.4 0.5
t in s

500

0

500

i d
q i

n 
A

id iq

Solution Figure 6.1.3: Transient process of idq of a salient synchronous machine with a stator and
field winding short circuit and a load resistance.

The filed winding current is visualized in Sol.-Fig. 6.1.4.

0.0 0.1 0.2 0.3 0.4 0.5
t in s

2.5

5.0

7.5

10.0

i f 
in

 A

if

Solution Figure 6.1.4: Transient process of if of a salient synchronous machine with a stator and field
winding short circuit and a load resistance.

Fig 6.1.5 shows the angular frequency of the rotor. Due to the winding resistance and the additional
load, the currents are reduced over time, until the machine comes to a standstill.
The generated torque during the transient process is shown in Sol.-Fig. 6.1.6.
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Solution Figure 6.1.5: Transient process of a salient synchronous machine with a stator and field
winding short circuit and a load resistance.
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Solution Figure 6.1.6: Generated torque of a salient synchronous machine with a stator and field
winding short circuit and a load resistance.

6.1.5 Now consider an additional damper winding with the parameters from Tab. 6.1.3 in the simula-
tion. Compare the resulting current signalforms, the speed and the generated torque to the previous
tasks with the identical simulation configuration as in the previous tasks. Consider the damper
winding to not carry any current for t = 0.

Table 6.1.3: Parameters of the damper winding.

Symbol Description Value
MdD Mutual ind. rotor d-axis 2 mH
MqQ Mutual ind. rotor q-axis 1 mH
Mfr Mutual ind. field-rotor 50 mH
LD Self ind. rotor d-axis 3 mH
LQ Self ind. rotor q-axis 2 mH
RrD Rotor winding res. d-axis 50 mΩ
RrQ Rotor winding res. q-axis 30 mΩ

Answer:
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With the additional damper winding, the stator flux linkage equation extends toψs,d(t)
ψs,q(t)

 =
L′

s,d 0
0 L′

s,q

is,d(t)
is,q(t)

+Mfs

1
0

 if(t) +
MdD 0

0 MqQ

ir,D(t)
ir,Q(t)

 , (6.1.22)

and the field flux equation is extended with the rotor current as follows:

ψf(t) = Lfif(t) +Mf,s
[
1 0

] is,d(t)
is,q(t)

+Mfr
[
1 0

] ir,D(t)
ir,Q(t)

 . (6.1.23)

The rotor flux equation is defined by:ψr,D

ψr,Q

 =
Ls,d 0

0 Ls,q

ir,D(t)
ir,Q(t)

+
MdD 0

0 MqQ

is,d(t)
is,q(t)

+Mfr

1
0

 if(t). (6.1.24)

In addition, also the torque equation changes to:

T (t) = 3
2p
[
Mfsifis,q +

(
L′

s,d − L′
s,q

)
is,dis,q +MdDis,qir,D −MqQis,dir,Q

]
. (6.1.25)

For the SM with damper winding, the flux linkage matrix extends to:

ψ =



ψs,d(t)
ψs,q(t)
ψf(t)
ψr,D(t)
ψr,Q(t)


=



L′
s,d 0 Mfs MdD 0
0 L′

s,q 0 0 MqQ

Mfs 0 Lf Mfr 0
MdD 0 Mfr LD 0

0 MqQ 0 0 LQ


︸ ︷︷ ︸

L



is,d(t)
is,q(t)
if(t)
ir,D(t)
ir,Q(t)


. (6.1.26)

The differential current machine model with damping winding is defined as:

d
dt =



is,d(t)
is,q(t)
if(t)
ir,D(t)
ir,Q(t)


= L−1





us,d(t)
us,q(t)
uf(t)
ur,D(t)
ur,Q(t)


−



Rs 0 0 0 0
0 Rs 0 0 0
0 0 Rf 0 0
0 0 0 Rr,D 0
0 0 0 0 Rr,Q





is,d(t)
is,q(t)
if(t)
ir,D(t)
ir,Q(t)


−



0 −ωr,el(t) 0 0 0
ωr,el(t) 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




.

(6.1.27)
In Sol.-Fig. 6.1.7 the idq current trajectories during the transient process are shown.
The field current is visualized in Sol.-Fig. 6.1.8.
The rotational speed of the rotor is shown in Sol.-Fig. 6.1.9. The steady state is reached faster than
in the simulation before, due to the added damping winding.
Sol.-Fig. 6.1.10 shows the generated torque during the transient process. The faster transient process
is also visible in the torque curve, which faster converts to zero.
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Solution Figure 6.1.7: Transient process of a salient synchronous machine with a stator and field
winding short circuit and a damper winding.
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Solution Figure 6.1.8: Field current of a salient synchronous machine with a stator and field winding
short circuit and a damper winding.
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Solution Figure 6.1.9: Speed of a salient synchronous machine with a stator and field winding short
circuit and a damper winding.
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Solution Figure 6.1.10: Torque of a salient synchronous machine with a stator and field winding
short circuit and a damper winding.
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Task 6.2: Cylinderical synchronous machine
In a thermal power station, a cylinderical synchronous generator is used which has the rated data in
Tab. 6.2.1 and is connected in star. The generator is driven by a turbine. The converted energy is
fed into the 50 Hz national grid via a transformer. Saturation effects and losses in the machine can
be neglected.

Table 6.2.1: Parameters of the synchronous machine.

Symbol Description Value
Ustar,n Star voltage 10√

3 kV
Istar,n Star current 6500 A
fn Nominal frequency 50 Hz
cos(φn) Power factor 0.8 (capacitive)
nn Nominal speed 1500 1

min
If,n Field current 150 A
Is,sc0 Short circuit current 7800 A

6.2.1 Synchronization must be carried out to connect the synchronous generator to the electricity
grid. Why is this process necessary? Name the synchronization conditions that must be checked
before the generator can be connected to the grid.
Answer:
Necessity of synchronization:

• Synchronization of the generator with the grid is absolutely essential for a complication-free
connection of the machine to the grid. Otherwise, severe transient effects can lead to catas-
trophic effects.

• A high phase shift during the synchronization can start the machine to oscillate, but this is
reduced by the damper winding in the rotor.

• In addition, connecting the generator with a large phase offset leads to high equalizing currents
and thus a large torque are the result, which leads to the destruction of the generator.

Therefore, the following synchronization conditions should be fulfilled:

• The rotational frequency is equal to the grid frequency.

• The terminal voltage and the grid voltage are at the same level.

• The sense of rotation of the machine is equal to the grid.

• The phase orientation is equal to the grid.
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6.2.2 How can the amount of active power output be influenced during generator operation? On the
other hand, how can the inductive reactive power delivered or absorbed be influenced?
Answer:
The delivered active power can only be influenced by changing the mechanical input power. The
delivered (over excitation) or absorbed (under excitation) reactive power is controlled via the field
current.

6.2.3 What is meant by synchronous condenser operation?
Answer:
In the synchronous condenser operation mode, only reactive power is delivered into or absorbed
from the grid. The machine operates in no-load mode. This operation mode is used to control the
reactive power within the grid. Sometimes, more or less reactive power is needed, dependant on the
conditions of the considered time frame.

6.2.4 Calculate with the given data the pole pair number p, the synchronous reactance Xs, the
apparent power S, the phase shift angle φ, the inner voltage Ui and the load angle θ at the rated
conditions.
Answer:
The pole pair number is determined with:

p = ωn

ωmech
=

2π · 50 1
s

2π · 25 1
s

= 2. (6.2.1)

The synchronous reactance is calculated by

Xs = Us

Is,sc0
=

10000√
3 V

7800 A = 0.74 Ω, (6.2.2)

with the stator voltage Us and the short circuit current Is,sc0. The apparent power determines as

S =
√

3UnIn =
√

3 · 10000 V · 6500 A = 112.58 MVA, (6.2.3)

and this leads to the calculation of the phase shift angle by:

φ = arccos(−0.8) · sign
(
Q

S

)
= − arccos(−0.8) = −143.13◦. (6.2.4)

The inner voltage is calculated with

Ui = XsIs,sc = Xs

(
Is,sc0 − Is sin(φ)

cos(φ)

)
, (6.2.5)
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and the active power is defined as:
P = 3UsUi

Xs
sin(θ). (6.2.6)

Inserting the inner voltage from above into the active power equation, yields:

P =
3UsXs

(
Is,sc0−Is sin(φ)

cos(φ)

)
Xs

sin(θ) = 3Us (Is,sc0 − Is sin(φ)) tan(θ). (6.2.7)

Hence, the load angle is determined with resorting the equation from above as follows:

θ = arctan
(

P

3Us(Is,sc0 − Is,sc sin(φ))

)
= arctan

(
3UsIs cos(φ)

3Us(Is,sc0 − Is,sc sin(φ))

)

= arctan
(

Is cos(φ)
Is,sc0 − Is sin(φ)

)
= arctan

(
6.5 kA · cos(−143.13◦)

7.8 kA − 6.5 kA · sin(−143.13◦)

)
= −23.95◦.

(6.2.8)

The inner voltage is calculated by:

Ui = XsIs,sc = Xs

(
Is,sc0 − Is sin(φ)

cos(θ)

)
= 0.74 Ω ·

(
7.8 kA − 6.5 kA · sin(−143.13◦)

cos(−23.95◦)

)
= 9473 V.

(6.2.9)

6.2.5 The generator should only take reactive power from the grid. How large is the stator current
Is and the field current If at this operating point, when a reactive power of 120 MVA is extracted
from the grid? How large is the phase shift angle φ and the load angle θ? Draw the phasor diagram
for this operating point.
Answer:
The stator current changes to

Is = Q√
3Un sin(φ)

= 120 MVA√
3 · 10 kV

= 6928.2 A, (6.2.10)

and the inner voltage is determined with:

Ui = 3U2
s −XsQ

3Us cos(θ) =
3 ·
(

10 kV√
3

)2
− 0.74 Ω · 120 MVA

3 · 10 kV√
3 cos(0◦)

= 1501.11 V. (6.2.11)

Therefore, the necessary field current results in

If = Ui

Ui,n
If,n = 1501.11 V

9473 V · 150 A = 23.77 A. (6.2.12)

The phase shift angle is φ = 90◦ and the load angle is θ = 0◦. The phasor diagram is visualized in
Sol.-Fig. 6.2.1, the inner voltage U i is purely imaginary, as defined in the lecture notes. The stator
voltage U s and the internal voltage are directly on top of each other due to the zero load angle θ.
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Solution Figure 6.2.1: Phasor diagram for the given operating point. The scala is for the voltage 1
cm =̂ 1000 V and for the current 1 cm =̂ 2000 A.

6.2.6 In contrast to the previous subtask, the generator should provide 80 MW in addition to the
reactive power now. How large is the stator current Is, the phase shift angle φ and the load angle θ?
Draw also for this operation point the phasor diagram.
Answer:
The apparent power is:

S =
√
P 2 +Q2 =

√
(80 MW)2 + (120 MVA)2 = 144.22 MVA. (6.2.13)

Hence, the stator current yields:

Is = S√
3Un

= 144.22 MVA√
3 · 10 kV

= 8326.54 A. (6.2.14)

Retrieving the power factor via the complex power equation leads to:

φ = arccos
(

−P√
3Us,nIs

)
= arccos

(
−80 MW√

3 · 10 kV · 8326.54 A

)
= 123.7◦. (6.2.15)

The derivation of the load angle is already given in (6.2.8), which results for the new operation point
in

θ = arctan
(

Is cos(φ)
Is,sc0 − Is sin(φ)

)
= −79.66◦, (6.2.16)
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Solution Figure 6.2.2: Phasor diagram for the given operating point. The scala is for the voltage 1
cm =̂ 1000 V and for the current 1 cm =̂ 2000 A.

while the resulting inner voltage is

Ui = XsIs,sc = 3600 V. (6.2.17)

The phasor diagram is visualized in Sol.-Fig. 6.2.2, the inner voltage U i is purely imaginary, as
defined in the lecture notes.

6.2.7 Now, the generator should provide a reactive power of 60 MVA into the grid. How large is the
generated torque T , that the generator operates within the rated apparent power? To which value
must the field current If change, such that the rated current is reached in the stator winding?
Answer:
With the determined rated apparent power in the task before, the given reactive power, the maximum
power is calculated by

P =
√
S2

n −Q2 =
√

(112.58 MVA)2 − (60 MVA)2 = 95.26 MW, (6.2.18)

hence, the maximum torque is given with:

Tmax = P

ωmech,n
= 95.26 MW

2π · 25 1
s

= 606.5 kNm. (6.2.19)

The angle φ for the phase shift at nominal current is determined as:

φ = arccos
(

P√
3Ustar,nIstar,n

)
= arccos

(
−95.26 MW√

3 · 10 kV · 6.5 kA

)
= −147.8◦. (6.2.20)
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With (6.2.8) the load angle is calculated by

θ = arctan
(

Is cos(φ)
Is,sc0 − Is,sc sin(φ)

)
= arctan

(
6.5 kA cos(−147.8◦)

7.8 kA − 6.5 kA sin(−147.8◦)

)
= −26.03◦, (6.2.21)

therefore, the inner voltage results into:

Ui = XsIs,sc = Xs

(
Is,sc0 − Is sin(φ)

cos(θ)

)
= 0.74 Ω

(
7.8 kA − 6.5 kA sin(−147.8◦)

cos(−26.03◦)

)
= 9276 V. (6.2.22)

The field current must be set to the following value:

If = Ui

Ui,n
If,n = 9276 V

9473 V · 150 A = 146.9 A. (6.2.23)

Task 6.3: Steady-state operation of a synchronous machine
Consider a loss-free synchronous machine with the parameters from Tab. 6.3.1. First, the synchronous
machine is operated as a a motor. Using the data given above, determine the following characteristic
variables of the synchronous machine at rated operation. An example phasor diagram for this
operation is shown in Fig. 6.3.1.

Table 6.3.1: Parameters of the synchronous machine.

Symbol Description Value
Ustar,n Star voltage 6√

3 kV
Istar,n Star current 96 A
fn Nominal frequency 50 Hz
p Pole pair number 2
cos(φn) Power factor 0.9 (capacitive)
Tn Nominal torque Tmax

2

Figure 6.3.1: Phasor diagram of a over excited synchronous machine in motor mode.
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6.3.1 How large is the maximum torque Tmax?
Answer:
Due to the ideal machine characteristic (no losses), the nominal torque is calculated by

Tn = Pn

ωmech,n
= 3Ustar,nIstar,n cos(φ)

ωmech,n
=

√
3 · 6000 V · 96 A · 0.9

2π · 50 1
s

= 2858 Nm, (6.3.1)

and, the maximum torque calculates as follows:

Tmax = 2Tn = 2 · 2858 Nm = 5716 Nm. (6.3.2)

6.3.2 Which load angle θ is set at the nominal operating point?
Answer:
The load angle can be determined by geometric transformations, which are shown in Sol.-Fig. 6.3.1.

The target is to create two different triangles, one with the known angle φ (marked in green in
the figure) and one without the load angle θ (marked in gray in the figure). Hence, the load angle
calculates as follows

sin(θ)Is,sc = cos(φ)Is,

sin(θ) = Is

Is,sc
cos(φ),

(6.3.3)

which leads to the angle:

θ = arcsin
(
Is

Is,sc

)
cos(φ) = arcsin

(
96 A

172.8 A

)
· 0.9 = 30◦. (6.3.4)
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Solution Figure 6.3.1: Phasor diagram for an over excited synchronous machine in motor operation.

6.3.3 Determine the synchronous reactance Xs value.
Answer:
The reactance is determined as:

Xs = Ui

Is,sc
= Us

Is,sc0
= Us

Is sin(arccos(0.9)sign(Q/S)) + Is,sc cos(θ)

=
6000√

3 V
96 A · sin(−25.8◦) + 172.8 A · cos(30◦) = 32.12 Ω.

(6.3.5)

6.3.4 Calculate the inner voltage Ui at the nominal operating point.
Answer:

Ui = XsIs,sc = 32.12 Ω · 172.79 A = 5549.52 V (6.3.6)

6.3.5 In the next task, the machine operates as generator and the power is 500 kW. The phasor
diagram for this operation is shown in Fig. 6.3.2. Which load angle θ is set at the new operating
point?
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Figure 6.3.2: Phasor diagram of an over excited synchronous machine in generator mode.

Answer:
In the generator mode, the load angle is negative. With the generated power of 500 kW and the
constant voltage, the product of the current and power factor is determined by:

cos(φ)Is = P

3Us
= −500 kW

3 · 6000√
3 V = −48.11 A. (6.3.7)

It is also assumed that the short-circuit current has not changed its value by maintaining the exci-
tation current. The load angle can now be determined using the trigonometric relationship:

θ = arcsin
(
Is

Is,sc
cos(φ)

)
= arcsin

(
−48.11 A
172.8 A

)
= −16.17◦. (6.3.8)

6.3.6 Calculate the stator current Is.
Answer:
The stator current is calculated with the active and the reactive current components, which are
defined as in the previous task by

Is =
√
I2

active + I2
reactive =

√
(Is sin(−φ− 90◦))2 + (Is cos(−φ− 90◦))2. (6.3.9)

With the relationship between the trigonometric functions and the phase shift, the equation from
above is resorted to:

Is =
√

(−Is cos(−φ))2 + (Is sin(−φ))2

=
√

(−Is cos(−φ))2 + (−Is sin(φ))2.
(6.3.10)
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With the triangular relationship:

Is =
√

(−Is cos(−φ))2 + (Is,sc0 − Is,sc cos(θ))2

=
√

(−Is cos(−φ))2 + (Is,sc0 + Is,sc cos(θ))2.
(6.3.11)

Use the calculation of the short circuit current Is,sc0, leads to:

Is =

√√√√(−Is cos(−φ))2 +
(

−Us

Xs
+ Is,sc cos(θ)

)2

=

√√√√√(48.11 A)2 +
−

6000√
3 V

32.12 Ω + 172.79 A cos(−16.17◦)
2

= 75.44 A.

(6.3.12)

6.3.7 How large is the power factor cos(φ) at this operating point? In addition, calculate the angle
φ.
Answer:
The active power is calculated with

Iactive = Is cos(φ), (6.3.13)

which than leads to
cos(φ) = Iactive

Is
= Is cos(φ)

Is
= −48.11 A

75.44 A = −0.638, (6.3.14)

and, therefore, the angle results into:

φ = arccos(−0.638) · sign
(
Q

S

)
= − arccos(−0.638) = −129.6◦. (6.3.15)
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